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PREFACE 

I T is the purpose of this work to present a new analysis of Plane 
Geometry. We know that any geometrical theorem may be 
expressed as a relation in points. We may however lobk upon 
Plane Co-ordinate Geometry as having points and lines' for its 
fundamental elements; in relations of which geometrical theorems 
are going to be expressed. Thus the equation y = mx + c may be 
looked upon as a line of co-ordinates (m, c). It is this view that 
we shall adopt. Now let us denote points by small Latin letters 
and lines by small Greek letters. Let a, by c ... I be a set of 
points; a, I3y y ...\ a set of lines. Let us denote the joins and 
intersections of two points and two lines respectively by drawing 
a bar over them, thus ab, a/3. Also let us denote the distance of 
two points a, b by (ab ) ; the perpendicular distance from a on /3 
by (a/3)’, the angle between a, by (a/3). Let us use the term 
‘ measure ’ to include the three cases. Let us use the notation 
(^'ttf l/a) to denote the co-ordinates of a and (fa, Va) to denote the 
co-ordinates of a. 

Then what Co-ordinate Geometry effects is the reduction of 
expressions such as 

(abyh . .. efXh jjb . ..) (A) 

to a function of (xa. ya\ (^6, Vh) ••• ^a) .... 

Now let p. O’ be the Cartesian axes, then 

Xa = (ap)y ya = (ao), 

and we may put 

fa = (ap), ri^^(p<ra)y 
i.e. the perpendicular from the origin on a. 
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Hence such an expression as (A) is reduced to a function of 
measures of the elements occurring taken singly with the 
reference axes. 

This idea I have generalized and have reduced the expression 
to measures of the elements taken in pairs. On p. 109 is an 
important result which I regret does not appear with Chapter I 
(it should be read between §§ 20, 21), which states that the square 
of distances, that perpendicular distances and the sine and cosine 
of angles are reducible to the quotient of two polynomials in 

(1) moduli of measures of two points, Ex. I(u6)j, 

(2) measures of a point and line. Ex. (a/S), 

(3) sines of measures of two lines. Ex. sin (a/3), 

(4) cosines of measures of two lines, Ex. t‘oa(a0), 

(5) measures of the join of two points and a point, Ex. (a6c), 

(6) measures of the intersection of two linos and a line, 

Ex. (5^7). 

(7) cosines of the join of two points and a line, Ex. cos (a67). 

Cases (5) and (7) are reduced in surd form and (6) by means 
of a point to measures of two elements. Thus we do away with 
the idea of reference elements. 

But this brings us to another matter. We know that taking 
four arbitrary points, there is a relation between the six pairs of 
measures of two elements. We have also such relations in the 
case of three points and a line, two points and two lines and in 
the case of three lines. We have called such relations eliminants, 
being eliminants of relative position. Suppose we have reduced 
all our complex measures and noted all our eliminants. The 
matter of proving a relation between the complex measures 
reduces to proving the i elation between their reductions with the 
help of the eliminants. 

Again, a point may be got from another point by a vectorial 
construction. We have denoted by au,,p the point distant p friun 
a and measured in the direction of w. We include such derived 
points in our consideration. To do this formally we take the 
point of general form «a,,,pi,a»2,P2 . denoting the point derived 
by a succession of such constructions. For the corresponding 
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line we take p*;*- denoting the line parallel to o> and 

passing through 

Now take any complex measure containing such vectorially 
derived elements. Thus 

This as we have seen is reducible to a function of measures of 
pairs of fundamental elements and vectorially derived elements. 

In Chapter II we have reduced 

(a'by, (a'^), where «' = «»„p,.»,,p2 . ..„,p„ 

(tt'b), (a'jS), where a' = a„,.p,....,pp «„,p„„, 
to functions of measures of pairs of fundamental elements and 
pi,p2»--Pnl including cji, (On in the fundamental elements. 

Hence we can reduce any complex measure as above to a 
function of measures of pairs of fundamental elements and the 
magnitudes occurring in the vectors. 

We shall consider yet another class of derived elements. 
These are elements derived from the fundamental elements by 
an equation. Thus from the lines «!, we have the 

derived line + a = 0. 

Again from the points Uj, and lines 0 m we 

have the derived point 

XAr i^ar) + ^Br COS {^0r) = 0 , 

where ^2 ... ••• are algebraic magnitudes. 

In Chapter III it is shewn that these can be treated in a 
similar way to that indicated for vectorially derived elements. 

Thus if our Geometry comprise only elements derived from 
fundamental elements by (i) intersections and joins, (ii) by 
vectorial constructions, (iii) byequational relations, we can reduce 
any measure of such elements to a function of measures of two 
elements and algebraic magnitudes. We note the eliminants. 
We may also have imposed relations stated in the particular 
problem. With these conditions we must prove relations between 
certain measures. This is a complete statement of our problem. 
We have thus stated our problem as a matter of reductional 
computation. 
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The method devised for Differential Geometry is of a similar 
character. 

Let be a moving point and let of be its consecutive position. 
This displacement of x we shall define by its direction of displace- 
ment and the amount of its displacement : or in our notation xx 
and \(icx')\. We denote xaf by the operative notation tx and 
\{xa/)\ by kx. 

Similarly let f be a moving line and ^ a consecutive position. 
The point of intersection we shall denote by the operative 
notation and the amount of angular displacement (ff') by 

We shall first consider Differential Geometry of one displace- 
ment. Any problem dealing with such Geometry may be reduced 
to the consideration of such a measure as 

{pahc tSu,. {xor) = 0 ... pXf^ tx^..,\ 
and the differential of any complex measure or element. 

The method of reducing such an expression is developed in 
Chapters IV — VIII. By means of the principle thus set forth 
we are enabled to reduce such a measure to measures of the 
fundamental elements and elements of displacement ra, rb,.., 
pa, p^ ... and the amount of their displacement. We may look 
upon ra, t6 . ., pa,pfi... as fundamental elements. We take 
note of the eliminants of all our fundamental elements and these 
elements of displacement. The magnitude of the displacement 
of each element we must look upon simply as small algebraic 
quantities. Should there be any imposed conditions we have 
these and also their first derivatives. Our problem is then com- 
pletely stated and set forth as a matter of reductional compu- 
tation. 

We next come to the matter of elements of displacement of 
elements of displacement, such as pvx when vx is the line through 
X perpendicular to rx. We suppose all the fundamental elements 
that are variable to trace continuous curves and in Chapter VIII 
we have shewn how to reduce such to elements and differentials 
of first displacements and the curvature of the curve at the 
elements. 

We next consider elements of displacement of elements of 
displacement of elements of displacement and so on. All 
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quantities which depend only on the curve traced by a variable 
point we shall call intrinsic functions of the point. In Chapter 
VIII it is shewn that such are reducible to elements of a single 
displacement and intrinsic functions of the curve. 

Thus any such measure as 

(pv^'^abyd (ica».) = 0 . . . 

is reducible to measures of fundamental elements and elements of 
displacement of these elements and intrinsic functions of these 
elements. We also need the differentials of such measures and 
such derived elements as 

pv^ abyd (jca^) = 0. 

These problems are the most general problems of Differential 
Geometry. The last chapter is a chapter on Integration adopting 
these ideas. 

In the Miscellaneous Examples I have endeavoured to illus- 
trate the method. As the present work is intended as a 
presentation of method, I have not tried to make the examples 
exhaustive of well-known properties. The large modern theory 
of singularities of curves I have not considered at all. 

I must apologise for the rather amateurish manner of the state- 
ment of the axioms, which are ticketed with large Roman numerals. 
These are the axioms which form the basis of the symbolic 
procedure of the text. This method must not be worked out 
by using a figure. The result is generally a hopeless quandary 
of sign. It must be worked directly from the axioms and deduc- 
tions after having translated the conditions of the figure into a 
statement in symbols. As will be seen, no more than these 
axioms are required so far as the domain defined is concerned. 
The axioms may be divided into two main classes from a natural 
standpoint, axioms of actual properties and axioms of convention. 
The latter have from time to time been given by successive 
writers for the purpose of comprehending many cases in one 
though I believe they appear in a connected form for the first 
time here. There are two main points in regard to a system of 
axioms. The first is that they should be sufficient, the second 
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that they should be consistent. The proof that they are con- 
sistent I have not attempted. The fact that they have not yet 
yielded a contradiction is a powerful argument of their consist- 
ence. 

Axioms (XV), (XVIII) have been proved visually. But no 
doubt with a few more fundamental axioms of superposition and 
orientation, these could be deduced. 

There are two main ways of considering Geometry. One is by 
sight or figure. The other is by a symbolic representation of the 
figure. The former method I shall call the Visual method: the 
latter the Symbolic method. 

Visual Geometry, as it is known, is of a synthetic or transfer- 
mational character but there is no reason why it should not be 
analytic or rediictional. A few cases can be cited in which a 
theorem in Visual Geometry is worked out by a reductional 
process. The conditions of the problem may be represented by 
certain magnitudes determined by the problems, such as areas, 
distances: and what is to be proved is also a relation between 
the same magnitudes. The working after this is a matter of 
reductional computation. 

As an alternative method to the Visual method we have the 
Symbolic method. As a rule the method of Symbolic Geometry 
IS of a reductional character. 

The method of the text belongs to the Symbolic method. 
In some cases, however, the process is easily visualised and 
coincides with the treatment of Visual Geometry. 

As regards its accomplishments, the method of Visual 
Geometry manifests unexpected power, a power which, however, 
is not sustained. An illustration of this power is afforded by 
Hart's proof of Steiner's construction of Malfatti's problem. 

The Symbolic method is characterized by its complete grasp 
of the problem : compared with the method of Visual Geometry 
it lacks the power of its transformations. 

The method of the text has an advantage over Co-ordinate 
Geometry in the matter of sign. The method of the text gives a 
more automatic account of sign than does Co-ordinate Geometry, 
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as the text will I think shew. In a Cartesian system, a line is 
represented by an equation. Now an equation gives no ‘sense* to a 
line which I think explains this deficiency. Casey has given a 
convention which applies to Co-ordinate Geometry which states 
that the perpendicular from a point on a line is positive or 
negative according as it is on the same or opposite side of the 
origin, but it does not seem to have been developed in conjunction 
with others. 

I have been engaged on the present work for the last three 
years. I claim the method as original. There are some theorems 
which are original, and most of the general results in the 
examples I believe are new. The new treatment of the trigono- 
metric functions is original and necessary for the purpose. 

We notice here the almost identity in symbol between the 
method of Grassmann and that of the text, in the case of 
Geometry of Position. The theorems and proofs on cubic curves 
m the Miscellaneous Examples have been adapted directly from 
Grassuiann’s theorems and proofs as given in Whitehead*s Universal 
Algebra. I was not aware of the method of Grassmann before 
I discovered the method of the text, though I was aware of a 
similar method which the Algebra of Invariants affords. 

Not many cases of a general transformation have occurred. 
One of the best is Example 12, § 28. Most of the Examples 
given on parallique and orthologique pairs of triangles are 
readily proved from this. 

I have laboured to eliminate errors of detail, but no doubt in 
a new work like this there are some still remaining. 

The notation I hope will meet with approval. My aim has 
been to make it unambiguous, easily written and as short as 
possible. The notation of putting r before x for the direction of 
displacement of x is ambiguous unless we agree to reserve t 
for this special purpose. 

In the Appendix I have given four cases of reduction of pro- 
ducts of measures. Each is such that, though a component 
measure is reducible only by radicals, owing to the eliminants 
the product can be expressed without radicals. 
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It is a great pleasure to me to acknowledge my obligations to 
Mr S. Chapman, Fellow of Trinity College, Cambridge, for reading 
part of the proofs with me and for suggestions. The terms 
‘measure’ and ‘determinate’ are due to him. 

In conclusion I wish to express my gratitude to the readers 
and officials of the University Press for their close attention 
and unfailing courtesy. 


A. W. H. THOMPSON. 


A'pril^ 1914 . 
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INTKODUCTION 


§ 1. Definitions : (1) The elementary concepts of plane 
Geometry are points and lines. We shall refer to them as 
elements, 

(2) That a line passes through a point we shall also express 
by sajdng that the line is incident^ in the point, or the point is 
incident in the line. 

(3) The determinate of two elements of like kind is the element 
which is incident in both these elements. Thus the determinate 
of two points is the line joining them, and the determinate of two 
lines is their point of intersection. 

(4) The measure of two elements is a certain quantity deter- 
mined by these elements, expressing the relation of one in regard 
to the other. The measure of two points is the distance between 
them. The measure of a point and a line is the perpendicular 
distance between the point and line. The measure of two lines 

the angle between them. 

The question of the sign of measures is fundamental. 

§ 2. Notation. Points will be denoted exclusively by small 
Latin letters a, 6, c ... x, y, z\ lines by small Greek letters 
a, 7 ... ft). 

The determinate of two elements will be denoted by writing 
them side by side and drawing a bar over the two. Thus the 
determinate of a point a, and a point h will be denoted by ah. 
The determinate of a line a and a line ^ by ayS. 

The measure of two elements will be denoted by writing them 
side by side and enclosing them in small brackets. Thus the 
measure of a point a and a line h is written {ah). The measure 
of a point a and a line ^ is written (a^S), and of two lines {aff). 

* See Whitehead’s Axioms of Geometry. 

1—2 



4 


INTRODUCTION 


[ 2 ~ 


Vector will be used in the ordinary sense. A vector will be 
denoted by a small Greek letter with an acute accent. Thus p 
will denote a vector. The direction of the vector will be denoted 
by p and the magnitude by p with a circumflex accent, thus /5. 

The letters v, r will be used for certain special purposes. 

§ 3. A point may be derived from given elements in the 
following three ways: 

(i) by a scheme of determinates only. This is the way 
points are obtained from other elements in Descriptive Geometry. 
Thus aby gives a new point, namely the intersection of the line 
ab with the line 7. 

(ii) by a scheme of vectors. Thus 
if p denote a vector and a a point, we 
get another point a^. This denotes the 
point distant p from a, measured in 
the direction of p. 

(iii) by an equation, as is done in co-ordinate Geometry. 
Thus if tti, aa...an be n points, and f a variable line, and 
Ai,A2...An algebraic magnitudes, the equation 

denotes a point; meaning that any line which satisfies the 
equation passes through a fixed point. 

There are other ways of getting new points, as by the rolling 
of one curve upon another; but the above three are the only 
ones we shall consider. 

Again, a new line may be derived from a set of points and 
lines in three corresponding ways : 

(i) by a scheme of determinates. 

(11) by a scheme of vectors and direction. Thus if a is 
a point and p a direction, Up is the straight line through a, with 
direction p. 

(iii) by an equation. 'If ttj, erg ... be n lines and x a 
variable point, and ai, ag ... a,i algebraic quantities, the equation 
Xar = 0 denotes a line. 

§ 4. In the present theory a geometrical property depends 
on an equation in measures. Now the proof that one measure 
equals one or more other measures, may be effected by reducing 
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all the measures to measures of two elements. Also v;e have, 
with one exception, for any four unrelated elements, a relation 
between the measures of the six possible pairs. The proof after 
this is a matter of algebra. However it is not necessary 
always to reduce the measures. It would suffice if we could 
so transform the measures, without actual reduction, so as to 
shew their equality. The former method of reduction corresponds 
to Analytical Geometry ; the latter method of transformation 
corresponds to Synthetic Geometry. 

In the text the method of reduction is used uniformly. Our 
object will be then to classify measures and give a calculus for 
their reduction. It will be seen that the formulae of Co-ordinate 
Geometry depend for their use on the fact that they enable one 
to reduce measures Instead of these formulae, we have given 
the actual reduction of such measures as are necessary, and give 
a definite method for the reduction of more complex ones from 
these. 


§ 5. Sketch of Method. 

The measures of two elements are fundamental. They are 
three in number. 

The measures containing three elements, we shall call measures 
of the third order. These are, with one exception, reducible, that 
is to say, they can be reduced to algebraic or trigonometric 
functions of the measures of two elements. 

The measures of two elements are (a?y), (porj), (ft;) where x, y 
are points and f, t; lines. 

The order of a function of several measures we define as equal 
to the greatest number of elements occurring in any component 
measure of the function; thus \(icy)\{^z) is a measure of the 
third order ; here | (xy) | denotes as usual the modulus of {xy). 

It is to be remarked that the order of a measure so defined 
only applies in the case where no two of the elements are identical. 

A measure of three lines is not reducible. However with the 
introduction of an arbitrary point, it can be reduced. 

All measures of the fourth order are reducible. Hence all 
measures containing three or more elements are reducible. 
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So far we have only dealt with simple points and lines. We 
have next to consider the two other classes of elements stated in 
§ 3. These we shall call 

(i) the general vectorial point and line. 

(ii) the general equational point and line. 

We shall consider first the general vectorial elements. 

The general vectorial point is — ^ 

a^.. <6. This denotes the point / 

derived from a by a series of vec- / 

tors ^ . CO, as figured. 

The general vectorial line is denoted by a^. ^ where ^ 
means the line parallel to co and passing through the point 

As regards the reduction of measures of these vectorial 
elements, we need only find the values of the measures of two 
elements, which are 

(a^ ^h)\ 

Having found the reduction of these we can, by the formulae 
for the reduction of measures of simple elements, reduce the 
measures of simple and vectorial elements. 

We proceed in an exactly similar manner in regard to the 
reduction of measures of equational elements. In other words 
we have a calculus for the reduction of measures. 

We have so far considered the geometry of finite concepts 
only. 

§ 6. We next indicate the ideas upon which differential 
geometry is built. 

We proceed as follows : 

Let a? be a point, a?' another point near a?. We write dx for 
the small quantity |(a?a?')[ and rx for 

Again, if f be a dine, and another line near f, we write 
for the small angle and for the point of intersection ff'. 

With these definitions we proceed to the differentiation of 
measures. 
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Thus we consider the values of 

d\{xa)j^ d (xoL) d(^a) d(^a) 

dx ^ doc * d^ * 

j / \ 

We define, for instance, — ~^^=Limit when^' tends to identity 
with Xj of the expression 

(. Va ) — (xol) 

It will be found that having differentiated the measures con- 
taining two elements, all the measures of more elements may be 
differentiated by a definite method, independent of the method of 
limits. 

We next require the differentiation of determinates. It will 
be found that the differentiation of determinates may be reduced 
to the differentiation of measures. 

The definition of the differential of a determinate, say is 
= Limit when x' tends to identity with x • 

We consider next vectorial elements. First, we require the 
differentials of ^ and Having found these we may 

find the values of the differentials of measures and determinates of 
vectorial elements. The same holds for equational elements. 

These are all the formulae we require, and knowing these we 
may differentiate the most general measure and determinate. 
At the same time we may reduce measures containing the differ- 
ential signs jt?; v, r. 
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FUNDAMENTALS OF THE GEOMETRY OF TWO, THREE 
AND FOUR ELEMENTS 

§ 7. The measures containing two elements are 
(ab), (a/9), (a^). 

We suppose a line has “ sense ” as well as position. If a be a 
line, a will be used to denote the line with same position, but with 
reversed sense. 

We give a set of axioms, which we state as we require them. 


As regards the interchange of elements we have 

(ha) = -(ab) (I), 

(^a) = (a/9) (II), 

(y9a) = -(a/9) (III). 

We have also the following axioms. 

If a, b, c are three points incident in a line, 

(be) + (ca) + (ab) = 0 (IV). 

The measure (aa) is independent of a and equal to a constant 
positive quantity tt (V). 

a, /3, y being three lines 

(^y) + (ya) + (aj3)^27r (VI). 

Corollary. (ayS) = (ay9) + tt. 

For (a/9) + (/9/9) + (/9a) = 27r, 

(a/9) = 7r + (a/9). 

We have the following axiom for point and line, 

(a/9) = - (a/9) (VII). 


Further we shall suppose (a/9) is positive when the sense of /9 
in regard to a is counter-clockwise ; and negative when clockwise. 
As regards determinates we have the following : 

ha » ah 
/9a = a/9 
a/9 == a/9 


(VIII). 
...(IX), 
(X). 
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If (ac) = 0, then ol^c = a or a (XI). 

If (ay) = 0, then aby = a (XII). 

If a, 6, c, d be four points incident in a line, and such that 

ab= cd, then is positive (XIII). 

{cd) 

§ 8. Geometry of two points and a line, a, b, y. Definition of 
the sine function. 

We shall assume that the expression 
(ay) — (by) 

|(a6)j _ 

depends only on the line y and the determinate ab (XIV). 

We may therefore write it as a function of (aby). This 
function is the sine function. We have accordingly 

sin(a 67 )- - - . 

Corollary. sin (6a<y) = ~ ~ siu 

Hence if a, be two lines 

sin (d/3) = — sin (ajS), 

1 /_f-\ ( 07 ) -(^) (a7)-(6y) 

also sin ( aoy) = - — :/ "iTi 

^ " l(a6)l 

= — sin (aby), 
sin (ayS) = — sin (a/3), 
sin {(ayS) + tt} = — sin (ayS). 

Again, let a, yS be two lines. Let 0 = a^, and let a, b be two 
points incident in a, ^ respec- . 

tively, such that 

l(o«)l = IW|. 

and oa = a, ob= 



Then sin (ayS) = sin (dayS) 

|(oa)| o 5 ^ k 

and sin (ySa) = sin ( oba) 

{ha) 

\{oh)\' 
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Now from symmetry it is clear that a bears the same relatio, 
to as 6 does to a; with the exception that the sense of a in 
regard to h is opposite to the sense of in regard to a. Hence 
(a/9)==~(6a). 

Hence sin (/9a) = — sin 

or sin {- (a/9)j = - sin (afi) (XV). 

We now proceed to the Geometry of three and four elements. 
We shall first consider such geometry as involves only algebraic 
and sine functions; considering afterwards properties involving 
the cosine function as well. 

§ 9. Oeonietry of three points a, 6 , c. 

We write (ahc)* for j(a 6 )*(a 6 c). 

Hence (hac) = \(ba)\ (hac) — ~ \(ah)\{abc) = — (a 6 c). 

To find the value of (cab) we have 

(hoc) _ (acb) 

l(« 6 )i “ l(a 6 )| 

(acb) 

\(ab){ac)\ * 

. Tx {(ibc) 

sin (ad ab) = — sin (abac), 

.*. (acb) = — (ahc), 

(cab) = (ahc). 

(abc) = (bca) = (cah) 

— — (bac) = — (cba) — — (a.cb), 

(ahc) = \(ca)(ab)\ sin (mai>) 

= \ (ab) (bc)\ sin (ah be) 

= I (be) (ca) 1 sin (bcM), 

„ 8 in(ma 6 ) sin (06 6 c) sin ( 6 cm) 1 

'-a- 

* (abc) AS thus defined is equal to twice the area of the triangle formed by the 
points. 


similarly 

Now 

Hence 

also 
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We shall call {ahc) the standard measure of three points. 
R is called the circum-radius of the triangle. 

§ 10 . Geometry of three lines cr, 7. 

We write for sin (ayS). (a^7), 

()9a7) = sin = - sin (a 0 )(affy) = - (afiy). 

Now if we put a = / 3 y, b = 7a, c = aj 3 ; we get 
6c = a, ah — 7, 

or bc = d, cd = ah = 7, 

or bc = d, m = ah ^ 7, 

or 6c = a, a6 = 7, 

or one other set of relations. 

We shall consider only the first alternative ; the same result 
follows from any one of them 

We have sin fa/ 3 ) {a^y) = sin (6cm) (ca6) 

(abcY 

*" I (6c) (ca) (tt6)|‘ 

Hence (afiy) = { 0 yoL) = (yaff) = - (ffay) = - (y 0 <x) = - (a7/3), 
and (a^y) ^ (a^y) sin (ayS) = two similar expressions. 

We shall call {a^y) the standard measure of three lines. 

It is easy to shew that 

KaySy)! = 1(70 a^) sin (7a) sin (a/ 3 )l 
= two similar expressions. 

§ 11 . Geometry of two points and two lines, a, 6, 7, 8. 

To reduce the measure ( abyh). 

Let aby = o. 

Then 6a = 06 or 6a = 06. 

Suppose od — ob, then 

sin ((ra7) = - i§iy| = = "iWr 

, • (oS)-(a8) . .-Ts, (08) -(68) 

also sin(oa8) = -|^^^^^|-: , 

. (ft7) (o8)-(o8) 

•• (67) (08) -(68)’ 
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from which (o8) = ih) 

{ay) -{by) 

(^8) = <“> -if ) . 

(ay) - (by) 

Now {ctbyB) = sin ( ahy) ( abyB) 

= ” (( f'^) (h) 

\(ab)\ 

It is easy to see that when dd = ob the same result follows. 
Writing {abyB) for \(ab)\ sin (aby) (oSyB), 
we have (abyB) = (ay) (bB) - (aS) (by). 

We shall call (abyB) the standard measure of two points and 
two lines. 


§ 12. Oeometry of three lines and a pointy a, 7, d. 

Let a,^, c be three points and d a point in- 
cident in be, a 

Then 

(abd) 4* (adc) = | (bd) \(abd)-\-\ (dc) \(adc). y/ \ 

Suppose bd = ^ = bc, x , \ \ 

then (abd) = (adc) = (abc)y ^ d 

and \(hd)\-^\(dc)\ = \(bc)l 

(abd) + (adc) = |(6c) \(abc) = (abc). 

The same result follows from the other alternatives to 


bd = dc = be. 


Now le^c^ be any point, not necessarily 
incident in be. 

Let ad be = e. 

Then (dbe) + (dec) = (dbe)y 
(abe) 4 - (aec) = (abc), 

(abe) = (abd) + (dbe), 

(aec) = (adc) -H (dec), 

from which (dbc) + (dca) + (dab) = (abc). 

Now let 6c = a, ca = / 9 , db = y. 




11-14] 

Then 
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{dhc) = I ( 6 c) I {dot), etc. 

1 ( 6 c) 1 (da) + 1 (ca) j (d/9) + 1 (a 6 )| (dy) = (ahc), 
sin (/Sy) (da) + sin ( 7 a) (dyS) + sin (a/9) (dy) = (a/Sy) by § 9. 

The same result follows from any of the other alternatives of 
§ 10 ; and is therefore true for any three lines. 

§ 13. With regard to any line a we shall assume that one 
and only one line /S, passing through a fixed point, can be found, 
so that (a^) has any given value, say 6, Further that all such lines 
through different points are parallel, i.e. the measure of any pair 


is zero (XVI). 

Notation. We shall write olq for such a direction ; so that 
(aa^) = 0 . 

Corollary. ol„ „ is parallel to a. 

22 


Aayiom. We shall assume that 

j(a/9)| = |(H^a)| (XVII). 

2 

TT 

To find the value of sin ^ 

Let ai^ = 0 and let a be a point incident 
2 

in oi„ such that oa = a,,. 

2 2 

Then 

sin (aa,r) = sin {ao(i) = — sin (uaa) 

2 

l(oa)| 

(«°t) (ttO/ 

“ |(att.„a)| " |(ao)| 

2 

= + 1 since the orientation of a in regard to a is 
counter-clockwise (XVIII). 

§ 14. Definition of cosine function. 

We define the cosine of the measure {ol^) as follows : 
cos (a/3) = sin (a^„). 

{a^„) -f + {07) = 27 r, 

2 2 

(a/9„) = 27r+(o/9) + |. 

2 ^ 



Now 
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Now 

sin (afi) = — sin {(a^) + tt) = sin {- tt — (a/8)) = sin (tt - (a/8)), 

sin |(«^) + = sin || - (ay3)) . 

Again, (a, / 3 ) + (^a) + (««,) = 27 r, 

2 2 

(«,/e) = 27 r + (a/ 3 )-^, 
sin (a„/ 3 ) = sin |j + («/8)| = - sin || - (a^)J 

= - sin || + (o^)| = - cos (a^), 

cos (a^) = sin (a/ 3 ,) = - sin (o,/ 3 ) 

. 2 2 

= sin || + (a^)| = sin || - (o/ 3 )| . 

Again, 

cos (ffa) = sin + (^a)) = sin ^ - (o/3)j = cos (a/3), 
cos (a,(8) = cos jl" - (a/ 3 )| = sin (oj8), 

cos (a^,) = cos + (a/8)) = — sin (o/9), 

L. cos {tt - (a^)j = - cos (a/3), 
cos (tt + (a/8)} = - cos (a/8), 
cos (a/8) = cos (o/8) = — cos (a/8). 


§ 15 . Addition formidae for sine 
and cosine functions. 

Tlie three lines a6, ^ where 

(07) = 0, denote three arbitrary direc- 
tions. 

Now (ttfty) — (^7) = 27 r -I- (a 6 cw). 
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Now 


FURTHER GEOMETRY OF THE TRIANGLE 

sin (a67) cos (^7) — sin (007) cos (a67) 

sin {ahy) sin ( 007,) — sin (^7) sin {abrf^ 

2 2 

- I(a6)| |(S)i - 1 ( 5^1 iWI ■ <“’?> - “ 


(bcyy^) 

■ |(o6)(<«c)| 

I (6c) I bin (77,) (be a) 

2“ 


by formula on p. 12 


|(a6)(ac)| 

= =sin(caa6) 

|(a6)(ca)| 

= sin ( ^ ) = sin {( aby) — (^7)}. 

If we put (aby) = 6 , (^7) = <f>, this becomes 

sin (^ — </)) = sin 6 cos <^ — sin (f> cos 6 , 
and we have the other trigonometric formulae. 


§ 16 . 


Further geometry of the tr 



In this notation a = bCy 13 = ca^ 7 = a6. 


We have {/ 3 y) 4- (yo) + (ay 9 ) = 27 r, 

.-. - sin (afi) = sin {(^7) + (7a)| 

= sin (ffy) cos (7a) + sin (7a) cos (^7). 
Hence — | (ab) | = |(6c) | cos (7a) + | (ca) \ cos (^y), 

similarly — [ (ca) [ = | (ab) \ cos (ffy) + [ (be) [ cos (a^) 

— l(6c)| = |(ca)|cos(a^) + |(a6)| cos (7a). 

From which 

(bey = (eaf + (aby + 2 l(ca) (ab) [ cos (mab), 
and two similar formulae. 

We may now reduce the standard measure of three points. 
It may be shewn that 

4 (abey = 2 {eay (aby 4 - 2 (aJ?y (bey 4 - 2 (bey (eay 

- (bey - (cay - (aby. 


15 
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§ 17. Geometry of two lines and a pointy a, c. 

To reduce (affcy, / 

Let P^~Wa„y ^ 

2 2 

Now in the triangle py, a ^ 

sin(a^) sm(pg^) sin (^a) * ^ ^ 

. Ijctfig) _ i(P?)l. ^ 

sin (^a) sin (a^) ‘ 

Again, we have 

sin M) ^ ^ «n (j0a) ^ sin (a/9) 

\(cq)\ Kpg)\ \(p^\ \(pq)\ 

cos (apq) _ sin (pg a) 

\(cq)\ _ !(ai8(/)| 

.*. tan(j^o)= = tan (c^ co/9), 

/. sin (pqa) — ± sin (cgca/S). 

Hence — ^ = ( a^cf. 

sm («^) sill* (eye 0 / 8 ) 

Firstly, suppose the sense of a, /3 to be counter-clockwise in 
regard to c, 

( ctfSef sin-’ («/ 8 ) = (pqf 

= (pcY + (qcf - 2 \ {pc) (ye) I cos (p^) 

= (pc)* -h (ye)* - 2 l(pc) (yc)| cos (a,^.) 

2 2 

= ( co)^ + (c^y - 2 (CO) (c/9) cos {af3)y 
since (co), (c/S) are both positive. 

Secondly, suppose the sense of a to be counter-clockwise in 
regard to c, while that of is clockwise. 

Then the senses of o, /S are both counter-clockwise in regard 


Hence (oj§c)* sin* (a/3) = (cay -f (c/3y — 2 (co) (cyS) cos (a^), 

.• . (a^cy sin* (o)9) = (ca)* + (c^f - 2 (ca) (c^) cos (a^). 
Similarly in the case when both a, /9 have senses which are 
clockwise in regard to c, we obtain the same result. 

Hence in all cases 

sin* (a^)( affcy = (ca)* + (c/9)* - 2 (ca) (efi) cos (a^). 
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17 , 18 ] 


Hence sin (ay8) [( a/8c) | = V (ca)-* 4- — 2 (ca) (c^) cos (a^), 

where the square root has the sign of (a^). 

The quantity (a/Sc) = sin (a)8) |(a)Qc)| we shall call the standard 
measure of two lines and a point. 


§ 18 . Geometry of three points and a line^ a, 6, 7, d. 

To find the value of (ahydy. 

Let aby = 0. 

In the triangle whose vertices 
are a, 0, d we have 
{ady = (aoy 4 (ody 

4 2 l(ao) (orf)| cos (adod) 

Similarly (bdy = (bof 4 (ody 4 2 \ (bo) (od) j cos (bood ). 

We shall consider only the case in which iw = bo = ab\ in the 
other cases, the theorem can be proved in a similar manner. 



Multiplying the first equation by {(boy and the second by l(ao); 
and subtracting, we have 

(ady 1(60) I — (bdy l(ao)| = (aoy l(6o)j — (boy 'i(ao)| 

+ (odY 1 1(60)1- (ao)|l, 


Now 


also 


/ .rfv- :(6o)| -(6(^)°|(ao)| 

^ ^ _|(a6)| 


• Kao) (60) |. 


sin (oay) = sm ( oby), 

• _ (h) . 

•• (oa)! i(o6)|’ 

|(oa); - i(o6)i = |(a6)l, 

(ay) (by) _(ay) — (by) 
\(oa)\ |(o6)l |(a6)r'’ 


(ahydy = 


I (oa ) ! = 

((*7) -(67) 

(ay) -(by) 
(bdy (ay) — (ady (by) 


i(«6)i=, 


(07) - (by) 


\(ab)\. 

\(ab)\. 

(^)(hyl 

{(07 )- '' 


T. G. 


2 
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The quantity (abyd) = |(ai>)| sin (aby) (abyd) we shall call the 
standard measure of the elements a, b, 7 , d 

{ahydf = {(6d)* (07) - (ad)’'(67)} {(ay) - (6y)} + (ay) (6y) {alif 

= {Uy (ay)> + {ady (byy + (ay) (by) {(at)'* - (ady - (bdy]. 


§ 19. Further geomietry of two lines and two points, a, c, d. 
To find the value of (a/Scd). 

^ ^ ’ |(,^c)l i(«/3c)| 

__ (cdajS) 

|(a/3c)|sin (a/3) 

_ (ca)(rf/3) -(c/3)(<ia) 


V (cay + (c/dy — 2 (ca) (c0) cos (a/S) ’ 
where the square root has the sign of (a/3). 

If (a^cd) = (afic) ( ajScd), 

it 18 clear that (a/3cd) = (cda/3). 


§ 20 . Geometry of three lines and a jmnt, a, c, 8 . 
To find the value of sin (a/S oh). 


sin (a$ch) = 


(a$h)^ {ch) 

\(a^c)\ 


_ (afih) - (ch) sin (a^) 

” (o/3c) 

Now (or^g) = (ca) sin (^h) 4- (c^) sin (ha) + (ch) sin (a/?), 
,in (l^~cg) - 

~ (gg) — {^c) sin (ah) 

“ (a^c) ‘ 


We shall call (a/3ch) = (a/Sc) sin (a/3ch) 
the standard measure of a, c, h, so that 

(afich) = (ac) sin (^h) — (/3c) sin (ah). 


§ 21 . Eliminants, 

Let S be an arbitrary set of elements. Then a relation between 
the measure of pairs of elements selected from this set we shall 
call an eliminant of the set. 
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We have for three lines 

(0y) + (yct) + (afi)=27r. 

For four elements there is with one exception an eliminant 
between the six measures of the six pairs of elements we can get 
from the four elements. 

(i) Four points a, 6, c, d. 

We have, see Casey's Analytical Geometry, p. 305 , formula 
( 756 ), 

0 1111 
1 0 (uhy (acy (ady I 

1 (bay 0 (bey (bdy =0. 

1 (cay (cby 0 (cdy ' 

1 (day (dhy (dey o I 

If this be expanded and reduced by the relation 

(bdy = (cay 4 - (aby + 2 |(ca) (ab) | cos (ca ab ), 
we get 2 (bey (ady + 22 \(ca) (ab)\ cos (cao^ ) (bdy (cdy 

+ 22 I (be) (ca) (a6) I 2 |(6c) | cos (m’ab ) (ady + (bey (cay (aby = 0. 

(ii) For three points and a line, a, h, c, 3 . 

Now if ^+^ 4 -'^= 27 r, 

then 1 — cos* 6 — cos* <f) — cos* -1^+2 cos 6 cos cos yjr = 0 . 

Now (be B„) + + (cd be) = 27 r, 

2 2 

1 — sin*(^>c 3 ) — sin*( 3 ra) — cos^ (cd bo) 

— 2 cos (^6c)8in (Bed) sin (bcB) — 0, 

. m)-(^)y {(oJ)^)y {(bS)-(c 8 )}\( cS)-(a 8 )} 

(bey ^ (cay _ \(bc)(ca)\' cos(bcca) 

= (beed), 

(cay {(bB) - (c 3 )l* + (bey {(cB) - (a 3 ))* 

+ 2 |(6c) (ca)\ cos (beed) {( 63 ) — (c 3 )} {(c 3 ) — (a 3 )} = («6c)*. 

(a 3 )* (bey -h ( 63 )* (cay + (c 3 )* (aby 

— 2 |(ca)(a6)| cos (edab) ,(bB)(cB) — 2 |(a6)(6c)| cos(a66c) .(c 3 ) (a 3 ) 

— 2 |(6c) (ca)| cos (beed) . (aB) (bB) — (abey. 

(iii) For two points and two lines, a, 6, 7, 3 . 

We have 

sin* (73) (aya^by = ( 6 ay)* + (body — 2 (bay) (bad) cos (73), 
where ay denotes the line through a parallel to 7. 

2—2 
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Now (bay) = (bay) — (aay) = (haay) = \(ba) \ sin (6aay) 

= t(6tt)| sin (bay) = {bay)y 
sin^ (yh) (ahy = {(67) — (a7)j‘‘* + {(6§) — 

- 2 {(67) - (ay)] {(6S) - (aS)j cos (yB). 
(iv) For three lines and a pointy er, 7, d. 

We have no eliminant in this case. 


§ 22. E,ramples. 

1. Shew that if a, y, d be four lines 

sin (/3y) sin (a5) + sin (ya) sin (^d) + sin (a/3) sin (yfi) = 0. 
To prove this, we have 

(,iS) + (5n) + (a^) = 27r, = 27r -}- (ad) — (a/3), 

(y^) + (^«) + («y) = 2»r, (yd) « 27r + (ad) + (ya), 

. • . sin (/3d) = sin (ad) oos (a/3) - cos (ad) sin (a/3), 
sin (yd) = sin (ad) cos (ya) + cos (ad) sin (ya), 
and hence we have the above formula. 


2. Shew also that 

sin (/3y) sm (3d) sin (yd) + sin (ya) sin (yd) sin (ad) 

+ sin (a/3) sin (ad) sin (/3d) -fsiii (/3y) sm (ya) sin (a/3) = 0. 
This may be proved in a similar manner. 


3 . Shew that 

where ^=^5, 

and that when k is small, 

I ( ^Ca) I = I 1+^1 {^'y ) i cos {yj>ya). 
The first is derivable from the formula 


. («5)(&d) («/>)« 

(ad) - m ~ ' {(ad) - (6d)}2 • 

I* be small, i(^a)i=| (ya)|l+^^^^ 


* i (ya) I “ I (^y) 1 cos {xyya). 


4 Shew that (a?y^a)==^^^~—^-“\ where 


= (ya) + ^{(ya) — (/ra)}, when k is small. 
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These are derivable from the formula 

' (rty)-(6y) 

5 . Shew that (^»7«a)='7- , 

-v^H-2lrcos(^»;) + P 


and where the square root has the sign of (fij), 

when k is small and where the sign is that of (fi;) and b is the foot of the 
perpendicular from a on r). 

We have the formula 

\^(ac)2 + (/ 3 c )2 - 2 (ac) (^fic) cos (a^) 
where the square root has the sign of (a/ 3 ). 

... ( ^ (fe) 

V (^^)2 + (,*)*- 2 ( 4 c )(, 2 ) c 08 ( J ,) 

(■>«)- ^(l« ) 

\^1 — 2X: cos (fij) + 


suppose ((rj) is positive : 




{rja)-k(^a)^^ 
I — 2 k cos (I?;) -f 


= + ^ «mall, 

= ( 7 «) + 1 * {( 7 «) (^ 7 ) - (^«)) • 


Secondly, suppose (^7) negative : 


{$rjza)^ 


(fja)-k($a) 


— I Vl — 2/'cos (^7) + ( 

= - (7a) - k {(rja) cos (^7) - ($a)] 


6. Shew that 


/X- V cos (17a) — k cos (^a) , 5^ . sin (17a) — k sin (^«) 

cos (|i7.?a)= 7=44-,-^ - ^ , sm(^7ga)= ' _ , 

N/l-2iirco8(f,)+F ■/l-2X-cos(^,) + /{-2 

where the square root has the sign of (^7). 

If ^ be small, shew that {^rfZa)= +{(jja) — ks\n (^7)}, according to the sign 
of(f 7 ). 

The first two formulae are obtained from the formulae on i). 18 . 
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When ^ is small, firstly ({17)+, 

sin (^7^a)={8in (17a) — ^ sin (fa)} {1 + it cos (^17)} 

=sin (17a) — ^ {sin (fa) -- sin (17a) cos (f *7)} 

»= sin (17a ) — ^ cos (17a) sin (f 7), 

. *. (f72a) *»sin (sin (7a) - ^ cos (7a) sin (f7)} 

= (ija) - i cos (ijq) sin (g,) -r - ^ ^ 

V 1 — sin^ (7a) 

= (*7«)-^sin (f7). 


Secondly (f7)-, 


( == - (7a) + ^ sin (f 7). 


7. Shew that 

I (aa') {bh') (c ^) | (aa'bb*cc')^(abb') {a!cd) — {a'bd) {acd). 
Let ^1} s= cd ~ y ; 

then = 

. * . I (««') I ( aa' W cd ) — {a bb' ) {a'cd)~-{a cd ) {a! bh ' ). 
Hence the required result 


Similarly, 

sin {aa') sin {^0) sin (yy') {aa! ^^yy')^{a^^') {a'yy') — (a'^/Q') (ayy')* 
a/3y}’ a'j3'y} two triangles, shew that 

\{aa') {bh') (cc')| {aa'bb'cd) = 4RR' sin {aa!) sin (/S/S') sin (yy') (aa'/3/S'yy'), 


where i?, R' are the circum-radii of the triangles. 
1 {aa') {bb') {cd) | {aa'bh' cd) 


= {abb') {a'cd) — {acd) {a'bb') 

— {^yyay'a') (iS'y'a/3a'/3') - (^y'yay'a ) OyajSa'^') 

_ Oyq) (yy'« ) (^ a^) {yd^) ~ {^ y d) (yya ) i ^d^') (yo/S ) 
sin ()3y) sin (ya) sin (a/3) sin {fi'y') sin {yd) sin (a'/3') 

= 4RR! sin (ao') sin (/S/S') sin (yy') {ad ^^yy). 


9. Shew that 


(aA) {mbc) {b\) {mca)-\-{c\) {mab)^{m\) {abc), 
{'tna) (A/3y) + {m^) {Xya) 4- (wiy) (Aa^) {m\) (a/3y). 

(»ia) (A/3y) + (wi/8) (Aya) + (my) (Aa/8) 

= (?>2a) {(mA) sin (/3y) + (m^) sin (yA) - (my) sin (/3A)} + 
= (ma) (mA) sin (/3y) + .. . 4- . . . 

= (mA) (a^y). 


The first relation is virtually the same as the second. 
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10. Shew that (a^cfiX) = — (\8c^a). 

Now (a^cSX) — {afiebX) sin (a^) 

= (Xd<Jui3)sin (ajS) 

= (Xdtfai8) (Xfic) sin (a)3) 

= (^a^)(Xdc) 

= ( Xd C a j3) (Xdca) 

= (Xdca/3)=-(XaCi8a), 

11. Shew that (abyd\^)=(ji\dyba). 

(abydXfi) = ( abydXfi) | (ab) | 

=• — (fiXdyab) j ((ib) | 

=^(fi\dyba). 

12. Similarly, shew that in the case of seventh oixier mcixsures 

(abydXmn) = — {n7n\dyba\ 

{a^c8lfip)= — (vfilBc^a). 

13. If ( a^cbf) = sin (a/S) ( a(i edf\ shew that 

{a^cbff = (ac)2 (aa/y-^ 

+ 2 (ao) (f)«) (O/) (S/) oos (a8) + («/) (8/)c»s (^8)- (a/) (/9/)-(8/)2cos (ajij)}. 



CHAPTER II 


REDUCTION OF MEASURES CONTAINING VECTORIAL 
ELEMENTS 

§ 23. The general vectorial point is denoted by where a 

is a point, and p, . . . a; vectors. 

The direction of p is p, and the magnitude is denoted hyp. It 
may seem convenient to regard p as always positive, and measure 
it in the direction of p. There is however an alternative conven- 
tion, which proves to be more comprehensive. This is to regard 
p as positive or negative and to measure it in the direction of p 
when positive, and to measure it in the direction of p when 
negative. We shall also use an alternative notation to namely 
Op, 4 , so that with the convention stated 

®p,p ^Pt^p* 

We may see the use of the convention when expressing the 
foot of the perpendicular from a on by means of a vector. 

2 2 

With the restricted convention we are not able to represent 
it by means of one formula. 

§ 24. To express (a^ ^by in terms of measures of two elements 
and vectorial magnitudes. 

I*et = c. 

First, suppose p positive, then 

|(ac)|=p, ac^p. 

N ow (bey = (aby -f (acy -h 2 | (ab) (ac ) | cos (edab) 

= (aby + p* — 2^ |(«^)| cos (abp). 

Secondly, suppose P negative, then 

|(ac)|=-p, ac = p. 
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In this case also 

(J)cy = (ahy + ^ — 2p l(a6)! cos (abp). 

Hence = (aby — 2 \ (ab ) j jS cos {abp) + 

.* . {a^by = {a^by — 2 | {a^b) | ^ cos ( ajb a) + 

= (aby — 2 |(a6)| p cos (abp) + ^ + 

- 2a [(a^(Tn) - 

a 2 


= (rt6)* — 2 I (a6)| p cos (a6p) + p- 4- 

- 2^ [{aa„) - p cos (po-) - (ban)], by § 25, 
2 2 

= (aby — 2p (a5) | cos ( ab p) — 2a\ (ab) cos ( ab a) 
-\-^+a-+2pa cos (pa). 


And it is easy to see that 

(ct^. ii,by = (aby — 2 \(ab)\ Sp cos (a6p) H- Sp- + 2'Epa cos (p<r). 


§ 25. To express (a^ ^^) in terms of measures of two elements 
and vectorial magnitudes. 

Let = c, and consider firstly p positive, then (ac) =/$, ac=^ p. 

Now siu(acf3)— , , . - , 

|(ac) 

(c^) = («^)-psin(p/3) 

If p be negative, l(ac)j = — p, ac = p, 
and again (c/3) = («/8) - p sin (p/3) 


Hence in both cases 

(ap/3) = (a/9) - p sin (p/8), 

(a^fi) = (a^fi) - sin {aff) 

= (d^) — p sin (p^) - d sin (o-/3). 

It is easy to see that 

= (aff) - 2p sin (p^). 


§ 26. The general vectorial line is where p, a ... (j) are 

vectors and o) a direction. On reaching the point given by the 
series of vectors p,d...^ we take a line through this point parallel 
to the given direction. 
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To find the reduction of the measure (a^,. ^ 6 ). 

Let the point be c; we need 

(c«6) = (6c«) = (bc^) - (ccj) 

— (6c c«) = I (6c) I sin ( 6cc«) 

= I (6c) I sin (bc€o) 

= (6cg)) 

= (6ft)) — (cft)) 

= (6&)) - (a^ 4 ft)) 

= (6ft)) — {(aft)) — sin (pft))} 

= {baa)) + 'Ip sin (pco), 

(a^. .^6) = (bao)) + Sp sin (po)). 


§ 27. To reduce the measure {a^ ^ ^). 

Evidently (a^ ^ /9) = (cw/^^). 

§ 28. Examples. 

1. Shew that {pOa^y) = — {x^) sin (ay) + (.ry) sin (a/3). 

We have (a*a/3y) = {xxa) sin Oy) + (ot/S) sin {yXa) + {xy) sin (.t*a/3). 

2. Prove that the periiendiculars of a triangle intersect. 

Let be the points and sides of the triangle. 

Denote the periiendiculars by \p», 

(Xfiv) = (aa^ ;«') = («/*) cos (av) — ((«i/)cos (a/i) 

2 

= - sin (ay) + {ucy„) sin (a/3) 

2 2 
= (a6/3w) sin (ya) + {acy„) sin (a/3) 

2 2 

= ‘.{ab) i cos (y/3) sin (ya) — | {ac) | cos (/3y) sin (a/8) 
= 0 . 


3. Let be two triangles: lines are drawn through «, 6, a 

aPy) a fsy) 

perpendicular to a\ /S', y', forming the triangle whose sides are Xi, /i|, i/i: 
similarly through a', 6', o' are drawn lines peri^endicular to a, /3, y, forming 
the triangle X 2 , /i 2 , 1 ^ 2 . 

Shew that where /i, f?' are the circum-radii of the triangles 

ahc, a'h'd. 


(Xifiivi) = (aa'^fiivi) = (a/ii) cos (aVi) - (aui) cos (aVj) 

2 

as I (ab) I cos (aft /S') sin (-/«')+ |(ac)i cos (ocy') sin (a'/3') 

«= 2/2 {sin (a/S) cos (/S'y) sin (yV) — sin (ya) cos (/8y') sin (a'/8')}. 
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26 - 28 ] 


The expression within the brackets is symmetrical in a, a ; /S' ; y, y but 

for sign. 

Hence the result. 

Corollary. If the perpendiculars from ahc on to a^y be concurrent, the 
perpendiculars from a!h*d on a^y are also concurrent. 

4. Reduce the measure (a^by). 

= (ay)-p8in (py)-(&y) 

= («^y)-psin(py). 

5. Reduce the measure (a^b^y). 

(«p6<^y)=(Grpy)-(i<fy) 

= (ay) - {by) - p sin (py) + a- sin (ay) 

= (aby) — ^ sin (py) + a sin (ay). 

6. Reduce {a^bc). 

(op be) = (aftc) + p {bcp). 

7. Reduce {a^b&c). 

{a^ b&c) = {ab&c) + p {b&cp) 

= {b&ca) + p [(6p) - a sin (ap) - (cp)] 

= {abc) + p {bcp) + a {caa) + pa sin (pa). 

8. Reduce {axh^r^). 

{aib,Lc^)=={abci}-\-\{bc^\)-\rii{Cva'p)-\-^(^ sin (V) 

= {<tbe) + 2X (6cX) + S/iP sin {p,v). 

9. Reduce 

(«A, ^ Mg . . . M„ Kg . . . K„) 

= («Aj A^ . . , A^ _ j ^Mj Mg . . . M„ _ j Kg . . . I'ji _ j) 

+ X„ (^MjMg...M„_i‘™KjKg ... K„_j^n) 

+P„ Vh sin (/irt i/„) + M„X„ sin (M„Xn) sin (X„p„) 

= («A,V 

+ X„ (6cX«) + /i„ (crtpj + (a^i/n) 

4- Pn si n (p„ */„) 4 X„ si n (m„ X„ ) 4 X„ P„ si n ( X„ p„) 

A w — 1 _ A n—i 

4Xn 2 p, sin (X„p, )4X,t 2 P,.sin {v^X^) 

1 1 

71 — 1 ^ Jl — 1 A 

4Pn 2 i/,.sin (p,ii/,.)4p„ 2 X,.sin (X,.p„) 

1 i 

n— 1 71—1 

4 K 2 X,. sin {vnXr) 4 2 p,. sin (p, i/„), 

1 1 

• . . . X„6m,< 1, . . . y^... yj 

={abc)+ S S (bc\r) 

A, fi,Kr=l 

4 2 2 2 sin {p>r^«) 

A,/ft,v r 8 
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10 . Shew that — {a<r^y ) sin (/3y) sin {pa). 

We have («/i«r/3y) = ~ (or^,3) sin ( 07 ) 4 '(a^y) sin (orjS) 

= - {{a^) - p sin (p^)} sin {ay) 

+ {(«y) - p sin (py)} sin {a^) 

= - (rt/3) sin (try) + (ay) sin (tr/S) 

+ p sin (p/S) sin (try) - p sin (py) sin (tr/9) 

= («<r^y ) + P sin Oy ) .sin (ptr). 

1 1 . Shew that {xaxy^fi ^-iv) = {^ky^^Zv) + 2 a sin {pv) sin (aX). 

{Xakypi,.Zyv)^{Xkyfiy^ziv) +a sin {pv) siii (aX) 

= + a sin (pi') sin (aX) 

+ /5sin(i'X) sin Op) 

= {zvXkyii)-\-^ sin {pv) sin (aX) 

+ )§ sin (vX) sin Op) + y sin (Xp) sin (yi'). 

12 . Shew that 

11 n A 

=:=(^A y^^,.) + sin (pv) 2 a^ sin (arX)*f sin (vX) 2 sin OrP) 

1 1 

n 

+ Sin (Xp) 2 y^ sin {y, v). 

13. If a, i 3 , y, 3 be four lines, sliew that 

2 Oy^) sin (ad)« 0 . 

2 (/3y3) sin (a8) = 2 {(o/3) sin (yd) + (oy) sin (d/3) 4* (od) sin Oy)} sin (ad) =0 

14. Let be a triangle and X any line . p, 5 ^, >* are the feet of the 

perpendiculars from a, 0^ c on X * shew that the perpendiculars from p, 5 -, r 
on a, /3, y are concurrent. 

The perpendicular from p on a is represented by ^(„x) a^. 

‘j ‘j 

And we have 

(«Atr. -(o^). <>4r -(6A). P„ Cx„, _(cA). yj 

^ -J 1? a 2 ^ 

= {aa„bp„Cy^) - 2 (aX) sin Oy) sin (oX) 

= 0-2 (^yX) sin (aX) = 0. 

The point of intersection of the perpendiculars has been called the 
orthopole of X in regard to the triangle. 

15. If along the perpendiculars from a, 6 , c on any line X, we measure off 
distances equal to the (lerpendiculars from the angular points of the medial 
triangle on this line, determining the points r, shew that the perpen- 
diculars from Py q, r on a, /3, y are concurrent. 

16. Let he two triangles. Lot jti, g', r be the feet of the 

per^iendiculars from a, d, c on any line d ; p\ q\ r' those from a\ b\ c' on d. 
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Let the perpendiculars from r on a, y be Xi, fii, vi, and the x)erpen- 

diculars from />', q\ / on a, )3, y be X2, M2 j *' 2- Shew that * 

Now (XifliVi) = (aA^, _(aA). a'„ -(6A), /8v -(cA). 

2 2 2 2 2 a 

= (aav 6/3'„ Cy.J + 2(aX)sin (/3V)sin(aX) 

2 2 J 

= J . /?+ ” 2 (aX) (6'c'X), i4 being symmetrical in regard 

to the triangles, but for sign, from Ex. 3 
— liy. function symmetrical in the elements of the two 
triangles, but for sign. Hence the result. 

17. The circum-centre of a triangle is represented by s. Find the area, 
i.e. half of the standard me<isure, of the pedal triangle of the point 

The circum-centre is the point where 

{ sol ) — R cos (/3y), { 8 ^) — R cos (ya), (sy) = R Cos (a/3). 

Then if /?, y, r be the feet of the pei’i^endiculars from a point m on a, y, 
= 

= 2(wi/3) (wiy)sin (/3y). 

Then if 

(pqr) = {Sfi(B) (5p y) sin (/3y) 

= {{s^) - p sin (p/3)} {(«y) - p sin (py)} sin (/3y) + 

= [R cos (ya) - psin (p/S)) [R cos {afi) - ^ sin (py)} sin (/8y) + 

= 2 cos (ya) cos (a/3) Sin (/3y) + Up'S. Sill (pa) Sin (/3y) 

+ p2 2 sin (p/8) sin (py) sin (/3y) 

= - p^) sin (/8y) sin (ya) sin (a^). 

18. Shew that 

2 (op«)^ = 2 {oaf' {pbc) -I- {ahe) p^-^2 {abc) p \ {po ) , cos {pop). 

a, b, <• 

2 (opa)'*^ {pbc) — S {{oaf—2p |(oa)l cos (dap)-fp2} {pbc) 

— 2 (o«)^ {pbc) + ^ {abc) — 2^ <(opn;) — («pir)} (joftc) 

= 2 (o(/)2 (/>/>c) + p* (rt6c) - 2^ (opff) {abc) + 2p (pp^) (a6c) 

^ a 

= 2 (0rt)‘-*(/?6c)-hp*(a6c)-h2^(a6c) !(j0o); cos(]^p). 

19. Hence shew that 

2 {oa)^ {pbc) — {R:^+{po)^-{p8y^} {abc)y 
a, b, c 

where s is the circum-centre of a, b, c and R the circum-radius 

2 {oaf{pbc)^S{s^,paf{pbc)y where o)=«a, p=l(«o)| 

= 2 {saf {pbc) -p p^ {abc) -h 2p {abc) | {ps) j cos {psa) 

= { /f* -h p2 -f 2p 1 ( ^tw) 1 cos (joi^)} {abc) 

— [R!^ -f {pof - (/>«)*} {abc). 
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KEDUCTION OF MEASURES CONTAININ(J EQUATIONAL 
ELEMENTS 

§ 29. It is evident that an equation 

/{(««,), (a;9s) ... |(a:ai)|, K«as)| ...) = 0, 

where aj, Og ••• ••• are fixed, is a locus of a*. 

We shall consider the following locus a linear function of 
{pcx^y {xa^ . . . namely, 

Sttr {x&r) + a = 0. 

Let xfy z be two points on the locus, then 

2a,. {yoi^ + a = 0, 

2ay + a = 0. 

Hence by subtracting 

2ay {yz^;) = 0, 

i.e. 2a,. sin = 0, 

which equation determines the direction of 

Hence the locus must be a straight lino. 

Conversely, it may be shewn that any line can be expressed 
the form of a linear equation. For let f be the line, and let a, 
be any two lines, concurrent with f. 

Let X be any point on then 

{x^) sin (|a) + {xol) sin = 0 , 
and by taking any two lines 7, S concurrent with a, we have 
{xa) sin (78) + {xy) sin (8a) + {xh) sin = 0. 

Hence )8, 7, 8 being any three arbitrary lines the equation of 
f may be expressed as a linear function of (x^), {x^), {xh). 


■Co 5* 
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It is important to notice that the locus given by a linear 
equation is according to our stipulation two lines ; namely, a line 
and the line with same position but rexersed direction. The 
signs of the square roots occurring in the following are therefore 
necessarily indeterminate. 


§ 30 . To reduce the measure {xoir) -f a = O^S). 

If y, z be two points on f +a = 0 we have seen 

that 

Soysin = 

i.e. 2tt,.sin 0. 

Sa;.sin {(f/3)- (a^/8)j =0. 
sin (fyS) Scir cos {orP) = cos (f/8) Sa^ sin (arr/3), 

' SayCos(ot,.^) 

Sttr sm(a,.^) 


Hence sin (fyS) = -7,^^ 
cos (f^) = 


VSftr® + cos (a,.cr^) ’ 

Say cos (ay/S) 

VStty** + 22ayag cos (ayO«) * 

Let us give f a certain sense. With this sense we have 

iSuy sin {aS) 


sin = — 

m I V Stty® + 2 tty cos (a^ ag) | 

where m is either + 1 or — 1. 


( 0 , 


fM 1 2ttyCOS(Ciry/0) 

ihen cos(g/ 3 )= — Z_ =r_-_ - (iiV 

?/i I VStt,® 4. 2Sttyaa cos (ayaa)! 

since the sign of the tangent is independent of the sense of f. 
Suppose 7 any other line. 

Then 

sin ((y) = sin {(f^) + (^7)} = sin (f cos (j 3 y) 4- cos (^7) sin (^^7) 

2tty s i n (a^y) 

7 n I VStty® 4 - 22 ttya« cos (ttyO,)! ' 

substituting from (i) and (ii). 

Hence the sign of the square root depends only on the 
particular sense of f chosen. 


§ 31 . To reduce the measure ( 2 tt,. (arofy) 4- a = 0 6). 

Let y be any point on the line, and let o) denote its direction. 
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Then 

(2ar (^ttr) + a = 06) = (y„6) 

= (62/ft)) _ 

= I (2/6) I sin {o>yb) 

^ 2Sar««co8(ofraj,) 

^ ^Urjp^) 

\/2rtr* + COS (a, «^) 

^ (6a, ) - S ttr (yctr)_ 

Vs tty* + 2Sa,.aj, cos (a, a<,) 

Sttr (6a,.) -f a 


(Say (a;ay) + a = 06 ) = 


VSa/ -f- 2Saya« cos (a^a^) 


Supposing the line Say(;ra,) + a = 0 to have a specified sense, 
it is important to notice that the square roots occurring in this 
and the former section have the same sign. 


§ 32 . Next we shall shew that 

SAr (?a,) + ^Br cos (^ 0 r) = 0, 

where Oi, aa A, are fixed, is the equation of a point. 

A given line may be lepresented by where c is an 

arbitrary point. Let this satisfy the equation, then 

2Ay(c„,y, ^tty) + S-By COS (c„,r>^r) = 0, 

2Ay {(arC<f)) + r sin (ox^)} + 2By cos (<l> 0 r) = 0, 
r sin (ftx^) 2Ay = — 2Ay {ar€<p) — 2By cos (^ 0 r)* 

We may change <f) to <^,r and we have 

n 

r cos (o)</>) liAr = — 2Ay (arC<l>„) — 2By sin (<^^r). 

Squaring and adding 

r2(2Ay)* = 2AyHarC)* + 2 2 AyA, | (a^c) (a,c) | cos (^c^) 

+ 22AyB« |(ayc)| sin (a^^s) 

+ 2By* + 22ByB, cos ( 0 r 0 s)- 

Since the right-hand side is independent of o), <f) all the lines 
must pass through the same point. In other words, the equation 
is that of a point. 
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Conversely, any point can be represented by an equation of 
the form considered. For let o be the point, take two points a, h 
collinear with o. Let f be any line incident in o. 

Then (af) (bo) = (h^) (ao). 

Then taking any two lines 7 we have from 6, yS, 7 
(6f ) sin (/97) - (6/9) sin (f7) + (67) sin (f/3) = (f/97). 

Hence 

(«f) sin (/37) (60) = (ao) [- (6/9) cos (^7,,) + (67) cos (f/9^) + (?yS7)]. 

(t, 7 are any three elements, and the equation is of the form 

considered, proving the theorem. 

§ 33. To reduce the measure 

(^A, (fa,) + cos (f/9,) = 0c)\ 

We have seen that 

(i J , (fa,) + Si?, cos (f/9,) = Qcy (lA ,)^ 

=5 S-d,® (a,c)^4- 2 S |(a,c) (ai,c)| cos (a^a7c) 

+ 2S^,i9« (a^cBa) + + 2'ZBrBg cos (y9,y0«), 

which is the required reduction. 

§ 34. To reduce (S.d,(fa,) + SJ9, cos (f/9,) = 0 7). 

Let c, d be two points on 7, and let a be the point 

2.4, (fa,) + 2-B, cos (fyS,) = 0. 

Then ac, ad will satisfy the equation. 

2.4, (ttca,) + 2.B,cos(w/9,) = 0, 

2.4, (aca,) + 25, (ac^rn) = 0. 

•j 

Similarly 2.4, (ada,) + 25, (a<^/9,„) = 0. 

.*. subtracting 2.4, |(a,a)| (cdaja) - 25, (cdyS„r) = 0, 

.*. 24, |(a,a)| sin (7a;:a) - 25, cos (7/9,) = 0, 
i*e. 24 , (aa,7) - 25, cos (7/9,) = 0, 

(a7) 24, = 24y (arj) + 'ZBr cos (75r)* 

Hence (24 , (fa,) + 25, cos (f/9,) = 07) 24 , 

= 24, (7a,) + 25, cos (7/9,). 


T. G. 


3 
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§36. In the case in which the foregoing results 

break down. We shall consider this case. 

From the equation 

2^ (fa^) 4- cos (^/3r) = 0, 
subtract 2-4 where c is an arbitrary point. We get 
2-4^ I (a^c) I sin ) + 2-B^ cos ) = 0. 

Let y be any line, and let (fy) = 0, 

Then 2il,. KOrC) j sin {(arCy) - 4- 2J?,. cos {(/?,. 7 ) - = 0 . 

Hence 2^^ {(^>^r^ 7 ) cos ^ — sin ^ (^rCyir)} 

S’ 

4- 25^ {cos (0ry) cos 0 4* sin {/3ry) sin 9] = 0. 
Hence (24,. (a^7) + 2^, co^ (yS, 7)} cos 6 

= (24,. (a,. 7^) - 2-B^ sin (/9^7)} sin 0, 

giving 6 independent of the particular line chosen. Hence the 
equation represents a direction. 


§36. To reduce (^A^{^a^)+^B^cQs{^By)=^0y\ when 24,,=0. 
We have from § 35 

tan (24^ (fa^) 4- 2-B,, co.s {^B^ = 0y) 

= TiAi ( ^^7) + cos (^,. 7 ) 

24^ (ar7|) - sm (/9^7) ' 


^ 37. Examples. 
1. Shew that 


2 2 5 , sin ( 0 ^/ 3 *) 

tan (2cr,. (ora,) + a = 0 26 ,. (.r/9,.) + 6 -0) = £-^ , . 

r-r/ / 2 2 «,. 6 aCO.s(a,i 3 *; 


Now 


sin (2ar (:F«r) 4 a = 0 y3) ^ 


2a,.sin (/3ar) 

\/ 2 f/,. 2 + 22 ayag CO.S (o^aj) * 

.*. sin (2a,.(A’a,) + a = 0 26,.(.ry3,.) + 6=0) 


_ 2ay SlU (26 y (. g/3,.) + 6 = 0 Oy) 

v^2^/r^ + 22a,. a, cos (a,, o,) 

2 a,. { 26 , sin (ar/3,)/v'26r*4226r6, cos (/3,./3,)} 

_ r 8 

V 2a,.^ 4 22 a^a, cos (o^ a,) 

= 22 Urb, sin (a,./3,)/Q*Qt, 

»• 8 


where cos (a,, a.), 

with a similair expression for the cosine. 
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2. Shew that 


(2Gfy(jPay)+a=0 26y(^<3r) + 6=0 2(J,. (A'y^) + c=0) 

= 2 2 2ay6gC,(ar/3,y«) 
r 8 t 

+ a2 2 bfCg sin Ory*) + 622 sin (>««) 

r 8 f 8 

4-c2 2 a^bg sin (or3»)- 

r a 

Let 0 be any point, then we have 

(2a,.(iear) + a=0 26 ^ (a?^,.)+6«0 2c,.(a7y^) + f = 0) 

= 2 (2a, (a?a,.) + a = 0 o) sin (2b j. (jr^r) + ^ = 0 2Cr (.^>,.) + c = 0) 

«, 6,c 

= 2 {2ar(oar)+a}2 2 68Ct8inO*y£)/QoQ5 0c 
n,b,e at 

== 2 {2 2 2arbgCt (oor) sin (3,ye) +a 2 2 0«y«)}/Oa ^^6 Qc 

a,h,c r H t at 

= {2 2 2 arb^Ct(ar^gyt)-\- 2 a2 2 sin (3,yt)}/n«Q6Qc- 

r s < a,b,c r 8 


3. 


Shew that 

sin (2i5,. cos (1^,.) = 0 y) 


2/i , sin (y/jjr ) 

\V/^,2 + 22/?,.^8 cos (/a, ^8) ’ 


§ 38. We may now explain fully the general method of pro- 
cedure. Let there be n elements, whose relative properties are 
our consideration ; also m algebraic quantities occurring in a system 
of vectors; the directions of the vectors, we shall include in the 7i 
elements. Also p algebraic quantities occurring in the coefficients 
of equational elements. The elements in the equation we shall 
include in the n elements The fact that the standard measure of 
three lines is in itself irreducible complicates matters. 

If all the n elements be lines, introduce an arbitrary point. 
This enables us to reduce the measure of three lines. So we shall 
suppose among the n elements there is at least one point. 

Then any measure of these elements and elements derived 
from them in any of the three ways stated in § 3, can be reduced 
to an algebraic-trigonometric function of the "Cg measures of the 
n elements, taken two by two together, and the m and p algebraic 
quantities. We shall only consider such geometry in which elements 
are derived in one of the three ways stated in § 3 and no more. 
Then a property amongst the elements is the vanishing of a 
function among measures of the n elements and derived elements. 
By reducing the measures to algebraic-trigonometric functions of 
the % measures of the 7i elements taken two by two, we have to 

3—2 
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prove the vanishing of a function of these "Cg measures, and the m 
and p algebraic quantities. 

Again, let the n elements be composed of rip points and ni lines. 
When np—\y there are 2 relations between the measures 
two by two of the vi lines and there are no other relations. When 

np>\, there are ^ ^ relations between the measures 

two by two of the elements. See § 21. 

Our task is then to prove the vanishing of the function of the 
”c*> measures and m and p quantities by means of these and only 
these relations between the measures. 



DIFFEEENTIAL GEOMETEY 




CHAPTER IV 

DIFFERENTIATION OF MEASURES OF SIMPLE ELEMENTS 


§ 39. Let X be any point, and x* a consecutive point. Then 
\{xx')\ we denote by Sx, xx' by rx. 

Again let f be any line, and a consecutive position, (f f ') we 
denote by 0^, f f ' by p^. 


§ 40. From the preceding it may be shewn that 
L = k, a constant. 

The precise value of k is still at our disposal, 
suppose then that 


L 



We shall 
.(XIX). 


With this stipulation it may be shewn that the sine and cosine 
functions may now be expressed as the usual infinite series. 


§ 41. To differentiate |(m)|. 

The point a is supposed fixed. We define the differential 
coefficient or derivative of |(^a)| as 

T |(a7a)|-|(a:a)i 
.vw \{a:x')\ 

We represent this by • 

d |(.ra )| _ \ (x(i)\ — !(a;a) | 

_ j(a?tt)| + |(a;a)]cos(ma^) 


Then 
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by formula on p. 15, 

= L —Qo^ix'axx') 

= — COS (tx^). 


Hence 




The line x^ce^ we shall call the normal line at x, and represent 
it by vXy so that 


(txvx) = 


2 ‘ 


Hence ~ (xarx) = — sin (xa vx) 

__ {xavx) _^{vxa) 

\(x(t)\ "'|(^a)r 


§ 42. To differentiate (xa). 
We have 


d (xa) __ j (x'a) - (xa) 
dx \(XX )[ 

^ (x'xOL) 

^^^>\(xx')\ 

== — L sin (xx' a) 

x~*-x 

= — sin (rxa). 

§ 43. To differe^itiate (fa). 

The line we shall call the normal line of f, and represent 
it by j/f. 

We have from definition 

dm_ (r«)-(f«) 
df "A (ff) 

_ T ~ - (f «) 

"f-f («) 

(ff) 

"fi'r ■ (If) 

. d(^d) , ^ . 


by formula on p. 18. 
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41-47] — — 

§ 44. To differentiate ((a), 

w V, d(Sa)_ r (f«)-(g°L) 

We have 4“ " f-f' (ff') 

_ T <1^ 

. dm 1 

■■ - ■ 

§ 45. Let i», y, «..., f ,»?.?••• he a number of points and lines 
Let /(*, y, z ^,V, ^ denote a measure depending on the 
same points and lines. 

Then the differential of /(^, z ,,,, f, v* ?•••) denoted by 
df{x, 2 /, f, ^, ?•••) is defined as the expression 

f{oo\ y\ -s^' ...» Vi ?^ •••) “"/ (^‘» ^ Vi ?•••)» 

where x y', z ..., f, V. T ••• are near a;, y, « .... f, V, ?•••. small 

quantities of 0a;, 0f ... being only retained. 

Then f{x',y',z'..., ...)-f(x,y, z -) 

=f{x', y', z' f, v\ r •••)-/(*. S''. - 5'. •••) 

+ /(*> y'< ^ ?'•••) y. ■*■'•••>?>’'. ? ..•) + ••• 

+f(x.y, z' f, v. r...)-/(®. — ?'•••) + •••• 

Hence d/(a;, y, .... ?. V, f •••) 

_ y. « • • •._!. y. ? • • •_) ^ ■ ■ ■’ dy 

" 0a; 9y 

+ ... + -- 3^ tf-t-.. . 

§ 46. We have then the following differentiations : 
d I {xy) 1 = - cos (jxi^) dx - cos {ryyx) dy 

^^^dx + p^.dy, 

Ra^y)! I(a^)l 

d {pcv) = — sin {rxv) da: 4* (povv) dvi 
d(Sv)=-dv-d^, 

§ 47. Examples, 

1. Shew that d {xyz) = iyzrx) <ia?+ {z,vry) dy + {xyrz) dz. 

For 3(a3«)_ 


SJjyf) ^ _ I I ain (ra;y2) = {yirx). 

|-sin(ryO' 

sin (ta*^), 


2. Shew that rf(ayf)= -»•“ da;+8in (» 3 if)dy + (ayi.f)df. 

3(a^0 3(a;0 

0a; 0a; 


For 
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3. Shew that standard measure of the feet of the perpen- 

diculars from z on i/f, 17 respectively. 

We^have ^ d - 2 (f«) (rjz) cos ({7)} 

= (*72) cos (f 7) - (f 2) (rfz) sin ({7) 

= measure of the feet of the perpendiculars from 
ii *7 respectively. 

({»70 = (^i^C) -t- (l*'*70 + (f *7*'0 


4. Shew that 

5. Shew that 


= - |(«i)| cos (xaab)— 


(.ra)2 * 


^ cf (ayai) _ (a;ab) {ttbrx) | (.va) | + {xah) cos {rxxa) 
e nave - | ^ ^ 

— [1 {xa) (ab) I sin ( ab rx) H- (xab) cos (rx^)]/(x(iy^ 

— [| (xa) (a6) |sin {(abxa)-i-(mTx)} + (xab) coa(TX^)]/(xa)^ 
= [ I ( ra) (aft) I {si n ( aft cos rx ) + si n (^rx) cos ( «ft ^ )} 

4- (xab) cos (rxxd)]/(xa)^ 

= 1 (xa) (ab) I sin (^tx) cos (xaab )/(^«)^ 

I I (ia^). 


6. Shew that 


<H$afi)^ (p $a) sin (a^) 

_ sin-^(^a) * 

^ ^ »^n ( gg) + (^a/3) cos ( gg) 

<i^ sin (^a) sin^ (^a) 

=[(.-f sin ««)+(f a/S) cos (fa)] 
sin‘^(fa) 


7. Shew that 
We have 


dx 


^(A'a^y)==(y^aTx), 
d ,-=r^ V d (xa^y) 

_ (yfiarx) (xa^) + (xa^) sin (rxff) 

(xa,^)''^ 

^ {(ya) Bin (^TX) - (/3a) sin (yro;)} {(x ^) - (g^)} -H { (x^) (ay) - ( xy) (aff)} sin ( rxfi) 

(xafif 

_ (?«) (i2«) sin (T.r3) - (^y) (a/3) sin (r^/3) + (ai8) sin (T.ry) {(x^) - (a/8)} 

>a/3)2 ' ' 

” (.^)» ~ Oy^-*')] 

_ (rica) (off) sin (j9y) 

(xafif 



CHAPTER V 


DIFFERENTIATION OF DETERMINATES OF SIMPLE ELEMENTS 

§ 48. Suppose z f ...) denote a determinate of 

os. y.z 17 , Then E{x\ y\ f', V, ?'•••) denotes a 

determinate near to E y^ z -i;, f ...). 

We define, as for simple elements, 
dE(x, y, 0 ..., f, t), = y, z..., f, 7 ;, f...) A (5^/ 

In general the results are quadratic in the differentials of the 
several elements. 

The method of procedure adopted is as follows : 

Suppose, for instance, E{x, y, ^ f ...) is a point. Call 
it a. 

Then we shall have two measures vanishing, viz., 

/i(a?, 2 /, ^..., f, 77 , f...a) = 0, 

Moc, 77 , f...a) = 0. 

Then we have 

^^dx^^^ds^■".+f|dS + fUn+." + ^ida.O, 

From these two equations and (ara)* 0 we eliminate ra, and 
so find d(f, 

A direct method of procedure will be indicated later. 

§ 49. To differentiate 

Let = ?, then (.rf) = 0, (yf) = 0, 

. * . - sin (rayf ) dx + c? f - 0, 

- sin (tt/O dy -f {yv^) df = 0. 
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Subtracting, 

— sin (r/rf) dx + sin (ryf) dy + (xyv\^) d^ = 0 . 

Hence \{xy)\ cos = sin dx — sin (ryj) dy, 

•' • I ipy) I = sin (tx^) dx — sin (ry^) dy, 

{^yY da^ = (yTx) dx + (oTry) dy. 

Note. It will be seen that (^a), where a is a fixed 

line, i.e. the differential of a measure, which explains the linearity 
of the result. 

§ 50 . To differentiate ^rj. 

Let ^7) = z, then {^z) = 0 , ( 17 ^) = 0 , 

.*. — sin (rz^) dz 4 - = 0 , 

— sin {rzri) dz + {zvr)) drj = 0 . 

Now since {tz^) + {^) + (r)Tz) = 27r, 

.*. sin® {tz^) + sin® {rzri) — 2 sin (jz^) sin (jzr)) cos (f?;) = sin® (fiy). 
Hence sin® (fi;) (dzf = )® (df)® + {zvrjy (dr^y 

— 2 (zu^) (zprj) cos (^7)) d^dTj, 

/. sin^ (fi7) = (^7f p^y (d^y + (^7,pvy (dv y 

- 2 (fiyi/f) i^v^v) cos (f?;) df diy, 
9in^(^v)(d^vY = (p^vY{d^Y+{pv^yidvy 

+ 2 (pf?;) (pTj^) cos (fi 7 ) c^t;. 

§ 51. Examples. 

1. Shew that 

_{M^d}fjz = {p^ri) (7«)o?^ + (p7|) {^z)dr,-hsin {(rj) {$rjTZ) dz. 

Let then (^lyX)*©, (2:X)=0, 

. {v^\) d^ + (^viyX) 4- (f i; vX) fl?X = 0, 

- sin {tz\) dz 4- («vX) rfX = 0. 

Multiplying the second equation by sin (J^) and subtracting we have 
(i/fi;X)c?f + (^^X) fl?7+sin (rzX)sin (^7) ofe+sin (^7) {^zv\) d\^ 0 , 

.*. {irfz)d(rjz^ -(virj\)d(-((vrjX) o?7-sm (r^X) sin (^7) 

= —({>'»? f*?^) sin (Tz(riz) sin ((rj)dz, 

. • . (£70)® 7 « « (pf 7) {rfz) d( 4- (P7i) (f«) sin ({7) o?«. 

2. Shew that 

(^.yC)^ (ci? O® = {(y C) (yr^) + «) (^) rfy} ® 4- (^y ) ® (^pC)* 

4- 2 {(yO (yr^) 4- (xC) {xry) dy} (xypQ (xyvC) d^. 
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49 - 51 ] 


Let xy( = a^ then {xya)^0^ 

. • . {yarx) dx + {axry) dy + (xyra) da — 0, 

(avC) dC - sin {raO da — 0. 

Now since (ra^ + 

.* sin2 (ra^) + sin2 (ja^) - 2 sin {raO sin (raxy) cos (#f) = sin-* (#0* 

• * • (t^C) + + 2 (xyra) ] (:ry) j sin (raf) cos (^0> 

•*. {(yar:p)rfa7 + (arry)€i?y}2 

- 2 {(yarx) dx + (axry) dy] \ {xy) j cos {xyC) (a*'C) 

. • . {xycy (daf = {xyf {xyCv(f {dCf + { - (xyCyrx) dx (xyC^ry) dy}^ 

- 2 { — (xyCyrx) dx + {xyCxry) dy) \{xy) | cos (^0 {^.VC^O 
Hence (^0" {dWCY^i^Vf (dO^ + iil/rx) (Cl/) dx + (xry) {Cv)dy\^ 

+ 2 {{yrx) (Cy) dv + {xry) (Cx) dy] {xypO {xyvO dC 


3. Shew that 

(xyC^v)^ dxyCw ~ {ic() (yO (yrx) dv-h{wC) {x() (xry) dy 

+ (xyw) {xypO dC-¥ (xyCrw) div. 

4. Shew that 

iirfZa))* (d$rj2<>>y^ = ((rjzy‘^ (dta)'^ 

+ ((«2) (72) (pSr))di-^{<oz) iiz) (pnC) dfj-^^iifjTz) (ii;a>) dz]^ 
4-2 ((ctf^) (r}z) ip^t)) d$-\-{(oz) (^z) (pnO dr) 

+ (l»7^s) (1*7®) dz] i^rj^po) (^rjzua) da. 
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DIFFERENTIATION OF VECTORIAL ELEMENTS 

§ 52. In this Chapter we shall find the differentials of the 
vectorial elements, oCf^ Having found these we may 

find the differentials of any measures or determinates containing 
vectorial elements. 

§ 53. To find the value of 
Take any fixed line X., then 

(x^ .»A) = {x\) — sill (pA), 

differentiating 

sin(Ta?^ ^\)dx^ u,^iiin(Tx\)dx 

+ 2 sin (p\) — 2 p cos (pX) dp ; 

changing X to we have 

sin (txm dx^„ ^ = sin (Ta?X,r) dx 
^ ‘I 

4- sin (pX») — cos (pX») dp, 

i.e. cos(t^^ .riiX)da?^ = cos (t^X) da? 

+ 2 dp cos (pX) + 2 p sin (pX) dp. 

Squaring and adding 

(dx^ = (dxf + 2dxXdp cos (rxp) - 2da72pdp sin (rxp) 

+ 2(dp)* + ^p'idpy - 2l{dpada - ddpdp) sin (p<r) 
+ 22 (dpd^ + padpdtr) cos (per). 

§ 54. To find the value of dx^...4»» 

Evidently dx^ ... ^ = dw. 
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§ 55 . Examples. 

1. Find the value of d ] j . 

.. =■ - 2 1 (xy) I 2p cos (x^ p) + 2^2 4. 22^^ cos (po-), 

- 1 (x^) 1 2 {dp cos (xf p) + ^ sin p) - c?p)| 

+ 2 po?^ + 2 cos (po-) (p rfo- + o- G?p) + 20a sin (pa) (o?p - fl?a) 

H(.^)|s[coB(.^p)rfHP-n(#/>) 

+ 2pfl?0 4* 2 (pfl?a + acf0) cos (pa) + 2 pa sin (pa) {dp - rfa) 

=rfr S^cos (:^p) + 2 P sin (:^p)[ 

+ rfy ](.y^)- S^sin (#p)[ 

4-2c?0 {- i(a:y)| cos (aiyp) + 0 + 2 a cos (pa)} 

p «*• 

+2pfl?p {| (a;y)| sin (:^p) + 2a sin (pa)} 

p «■ 

« dx {{vxp) + 2 0 cos (rxp)} 4- dp {(ppx) 4- 2 0 cos (rpp)} 

P P 

4-2 cf0 { - {xyvp) 4- 04-2 a cos (pa)} 

P o- 

4- 2 pdp {{xpp) 4- 2 a sin (pa)}, 
p 

2. Find the value of G?A*^ .w^. 

Let 07^ uy = C so that (:r^ (i C) = (yC) = 

.*. (a:0-psin (pO-a-sin (aC)- 

.*. —sin (T.rf) dx + {xvQd^— 2cf0sin (pO+2 0cos (p^) (o?p — o?^) =0, 
and - sin {rpO dy 4- (y^C) <fC= 0, 

subtracting 

- sin (ra;0 o?.r4-sin (ry^) (fy 4- (-^y W d^-'S dp sin {pC) 

2 

4- 2 pdp cos (pC) -d^2p cos (pa) = 0, 

••• [(-^W - 2 0 cos (pa)]*sin (tA'O - sin {ryO dy 

4- 2 dp sin {pO pdp cos (pC\ 

d( [ I (xy) I cos ( x^ ^yxy) — '2p cos ( x^ «4y^)] 

« - sin ( x^ ^ r.v) 4- sin ( x^ ^y ry) dy 
- 2 fl?0 sin ( ^^ p) - 2 0 (fp cos ( x^ ^y p), 

dc[\{xy)\{x^ .Ay^y^)~20(a-^ .«y»'p)] 

‘2 

= - {X(A ii»y rx) dx 4- (^pcf csy ry) fl?y 

-2<f0(^^ .iyp)-20o?p(:F^ ..lAypp), 
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• * • [ I I - 2 ^ sin (p^ J} - 2 ^ {{Xi/ Irp) - 2 ^ sin (cri/p)}] 

« {(^^ra;) + 2 ^ sin (prA-)} dv + {{xri/) - 2 ^ sin (pry)} rfy 

— 2 dp {(Afyp) + 2 ^ sin (per)} — ' 2 pdp {(x^vp) — p-' 2 a‘ cos (p<r)}, 

<r O' 

.*. ^vYdx^ .tiy 

={(y‘>’‘^) + 2p sin (pTA)} dx-^ {(xt^) - 2p sin (pry)} c?y 

— 2 (.vyp) dp— "2 ixyvp) prfp +2 ^ c?p + 2 pa- {dp -f dcr) cos (po-) 
4-2 {pda- — a’C?p) sin (p<r). 

Corollary. {2 p^ + 22 pa cos (per)} dx.v ^ . ni 

^2p^dp~{-2pa {dp + da) cos {pa) + 2 {pda - adp) sin {pa), 

3. Find the value of dx^ 

Let x^ fj — z. 

Then {v^^ ^-g)=0, (ij2) = 0, 

(2^076)) + 2 p sill (pa)) = 0, 

. • . — sin (r2«) dz -f sin {tx<a) dx + {zxva) da 

+ 2 dp sin {pa) -2p cos {pa) {dp - da) — 0, 

. • . sin (r2ft)^ dz — sin {rxa) dx-^{{zxva ) + 2 ^ cos (pa)} da 
+ 2 dp sin {pa) — 2 pdp cos {pa) 
and sin (rzrj) dz={vrjz) dr). 

Now we have 

sin* (t2o)) + sin* (rzr)) - 2 sin {rza) sin {tzy}) cos (at)) *= sin* {ar)), 

. * . (dz)^ sin* {ar)) — [sin {rXa) dx + {{zxva) + 2 p cos {pa)} da 
+ 2 c?p sin (pa) — 2 pdp cos (pw)]* + (v^z)^ dr)^ 

— 2 {vrjz) dr] [sin {rxa) dx + {{zxva) + 2 ^ cos (pa>)} da 
4-20?^ sin {pa) - 2pdp cos (pw)] cos {r)a) 

— [sin (rXa) dx 4- {{x^ ^r)Xva) -|-2p COS (po>)} da + 2 dp sin (pa) 

— 2 pdp cos (p<a)]*4- (^172)* dr)^ 

— 2 ( vTjz) drj cos (rja) [sin {rXa) dx + {( x^ ^u» 7 .*> «) 4- 2 ^ cos (p©)} da 
4 ' 2 cfpsin (p®) — 2 pdp cos (p®)] 

sin* (®7) (c?A^ . ^i7)*«=[sin (rA®)sin (®?7)c?A4-{-(A’7)4-2psin (p»7)}<^® 

+ 2dp sin (pa) - 2 pdp cos (p®)]* + {vr)z)^ drf^ 

4-2 {vr]z) dr] cos (17®) sin (17®) [sin {rxa) sin {ar]) dx 
+ { “ {xr]) 4* 2 p sin (P17)} da-\-2dp sin (p®) -2pdp cos (p®)]. 

4. Reduce x^z 

Let Xmr)z =X, 

then (a’„i7X) ~ 0, {r]z) = 0. 

d {XtarfK) — sin (17X) d {Xt^ rj\ )ii^ \ const. 4" {Xta vrjX) dr] 4 * (a’w 17 vX) d\ 

— sin (17 X) 0? ( 17X A®)i}, Aconst. 4- {Xtavrjk) dr] •\’{Xu,r]v\) d\y 
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. * . aiii (lyX) sin {rxa) dx + {rfXxaJ) dto + {.VmvtjX) drj + (Xu»rju\) dX — 0, 

and sin (rzX) dz — {zvX) d\ = 0, 

multiplying second by sin {tot)) and adding 

sin {rjX) sin (rA’ca) dx-\-{riKxoi^daii + {x^vr]k) dr) 

-fsin (t^X) sin (car)) dz-{-{.VMrizvX) dX—0. 

. • . — {Xiar^zri) sin {rxoi) dx — (x,a rjzrjXtaJ) d(o 

^ 

+ (XuirjZXu VTf) drj — (XuiTjZTZ) sin (o)»7 ) dz + {Xutr^zy^ d'x^z =0. 

. . {Xuirjzydxi^z — — sin {r)z) sin {<or)) dx 
+ (» 72 ) {rfX) d<o + {pv-Voi) (zX6i>) drj + {Xu^rjTz) dz. 


T. G. 


4 
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DIFFERENTIATION OF EQUATIONAL ELEMENTS 

§ 56. As we discussed the differentials of vectorial elements, 
so we shall in a similar manner discuss the differentials of equa- 
tional elements. 

§ 57. To find the value of d {Sa^ + a = Oj. 

We have from formula of § 30 

sin (fyS) Sa, cos {(Xr^) ~ cos (f/Q) S (/, sin (of^ yS), 
where f stands for {of^oLr) + a = 0. 

Differentiating, with ^ fixed, 

— d^ cos (fyS) l.ar cos {ar^) 

+ sin (fyS) \%dar cos (oir^) + 2a>. sin {ol^^) da , ) 
= d^ sin (fyS) 2 a, sin (arl3) 

+ cos (fy0) {2dar sin (cr^yS) — 2 a,. cos (ofr^) dar], 
.•. d^ {sin (fyS) 2ar sin (aryS) + cos (fyS) 2a,. cos (ar/?)} 

= 2c?a,. {sin (fyS) cos (OryS) — cos (fy8) sin (ofryS)} 

4- %ardoL, {sin (fyS) sin (a,.y8) + cos (fyS) cos (a, y8)] 
d^ 2a,. cos (fofr) = 2(Zar sin (fa,.) + ^Urda^ cos (fa,.), 

2 2 a, sin (a,a,) + 2 a^doir 2 a# cos (a^a,.) 

, 2 ! ? V. ? 

' * ^ 2 a,. 2 a« cos (a^-a^) 

r 8 

2 {cigdar — Oydag) sin (a^ar) + 2 a,.^ c^a^ + 2ara„ cos (a^ a„)(c?ay +c^Oj,) 



2 a^^ + 2 2 a,.a„ cos (a,.a«) 

.*. d {2 ar 4- a = 0} 

2 {ardag-q^gdar ) sin (a^a,,) 4- ^aj^da^ 4- 2 a^a, cos (aya,)(day + doig) 

=. \ ^ -- 

2 a,.^ 4” 2 2 ctfOg cos ^otyag^ 
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§ 58 . To find the value o/rf{S^r(far) + 2 £rCOs(?^r) = 0 }. 
We have from formula of § 34 

s.KU X 2^r(7«r) + S .gfC08(Y/8 r) 

jfly + X-^r cos — 0 *y) — X-4>* 


Differentiating, with 7 constant, we have writing a for the 
equational point 

2-4,. .sin (ray) da 

r 

= 2 |(aar)| si*^ (aa^y) dAr + 2-4^ sin (rayy) da^ 

r r 

— 'S.dBr cos (y^r) + S-S,. sin (yffr) dfiy 

r r 


Changing 7 to 7^, 

2-4,. . cos (ray) da = t \{aay) j cos (aa^-y) dAy + 2^, cos (rayy) da, 

r r »* 

-2cZ-B,sin(7^,)-2i?, cos (7/8, ) c^/8, . 
r r 

Squaring and adding, 

(day.i^LAyY 

= 2 {aa,y {dA 4- 2 4 {da , )^ + 2 {dByY + SB,? {dfiyf 

r 

+ 22 \{aay){cm,)\dA,dAs(iOB(Jmyaas) 

r=N» 

+ 2 2 AyAsQO^ira^rag) dayda,, 

r+Jf 

+ 2 2 dBydBg cos 

r=M 

+ 22 ByBsd/Syd^s cos (ffrM 

+ 2 2 dAyAsdas{aayva„) 

r,s 

— 22 dAydBg{aay^ 8 ) 

r,8 

-2 2 dArB,d^s(aarV^,) 

t',8 

-2 2 Arda,dB, ain^TUr fi,) 

r, s 

— 22 A^darB,dB>coa(ra^^,) 

r,s 

-2 2 dBrB,d^,ain{^,fi,). 

r,s 


4—2 
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Hence (day 

r 

= 2 {dA^y {drCthy -h 2 2 ^k\{drat^ (drak )\ cos 

r h h=¥k 

+ 2 2 ^A5*(«Aa,/8*) + 25A^ + 2 2 cos (/8*/St)} 

h h^k 

4- 2 dAfdAg a^y (2-4^)^ 4- 24^^ {tirithy 

r=¥8 h h 

+ 2 A^Aji |(«rttA) (a,«.t)| cos {a/i^a,a^) 

hr^k 

+ 2 2 4A^*(aAar^jfc) + 2 2 J5 a^ + 4 2 BhBk cob 
h,k h h^k 

+ 2 4AH«r«Ay+ s Ah A Jc\{agai,){agaic)\ COB {a^agdk) 

h Ji4=k 

+ 2 2 AhBh(ahas^k)} 

h,k 

+ 2 2 4a . 2 c^4, Agdag {2 4a (ahOyvag) — %Bh sin (Bh^ag)] 

k r,s h A ' / j 

— 2 2 4a . 2 dA^.dBg {2 4a (dhdr^g) + 2 i?A cos {^h^s)} 

h r,s A A 

— 2 2 4a . 2 dArBgdffg (24a (dkCtgP/Sg) — 2 ^a «in (/9 a A)} 

+ (2 4a)^ [2 (dB^y + 2 By {dp,y + 2 2 4 ; 4^ cos (ra, ra*) duydag 

hr r 

+ 2 S dBrdB, cos (/8,/3.) + 225, B,dBrd/3, cos (A A) 

>*=♦=« »•+« 

~ ®‘" (-rarBu) - 1 A, da, B,d/3r cos (rarB.) 

— 2 2 dB, B,dB, sin (5/ /9«)]. 

r,s 

§ f)9. Examples. 

1. Reduce d 'lay (xor) + 0 /3. 

Let 2ar(^ar)+«=0 /3=■^. 

Then f2a^(a;a,.) + a=0 z)=0, (^z)=0. 

2ar(za,)+a=0, (/30)=O, 

- sin (tz^) dz-\-{zv^) d^ — 0. . 

. • . 2c^,. sin {(tz^) - (a, ^)} = 2o?a, ( 2 a^) + 2 tt, (^i/a^) 4- da. 

sin {TZ^)dz 2 arCOfi (a,./3) - cos (re/S) 2 sm (a^/S) 

= 2 (fa, (s’a,.) + 2 a,, (zvay) day + da. 

. . cos (rzfi) dz 2 ay sin (a^/S) 

= {zv^) d^ 2 a,, cos {ay^) - 2 (fa,, (^a, ) - 2 a,, {zvoy) day - da, 

{dzy {2 a,. sin {ar^)y={{zv^) dfi}'^ (2 ay sm {ay(3)y 
+ {{zp^) d^ 2 ay cos (a,./3) - 2 da, {za, )-’2ay {zvay) day - da^ 

= {zv^y^ d^ (2 a,.2 + 2 2 a^a, cos (a, a,)} 

+ (2 da, (zoy) + 2 a,, (zpoy) day + (fa}^ 

— 2 (zp^) d^ 2 a,, cos (oy^) (2 day (zay) + 2 a^ (zpay) da,. -{-da } , 
substituting for «= Say(:va,)-h'a~=^~'/3 we get the Vcalue of (dzy. 
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{xa)-k—0 /3=^, 

(0a)=/r, (z^)=0, 

. * . — sin (r- 2 a) cfe + (^i^a) da = nM*, 

— sin (tz^) dz-{-(zp0) d^^O. 

'^'ow sin-^ (rza) -r sin^ (tz^) - 2 sin (rza) sin (tz^) cos (a/3) = sin^ (a/3), 
sin2(a3) (dz)^=- {(zva) da- dk}^ + (zu^y^ d^^ 

— 2 (zv0) d^ {{zva) da - d^} cos (a/3) 

= (zva)^ da^ + {2v0)^ d^^ — 2 ( 21 /a) ( 2 ^ 1 /^) 63?a fl?/3 cos (a3) 

— 2 ( 21 /a) c?ao?^ + 2 ( 21 /^) c?/3fl?^ cos (a/3) -f 
. • . sill* (ajS) {dzY = ((ji7a) - /• = 0 /Si/a)^ da^ + ((.ra) - /r = 0 /3i/i3)2 c^/3‘- 

- 2 ((a;a) — k—0 /3va) ((.*7a) — X‘=0 /3i/i9) dad^ cos (a/3j 

- 2dadk {{xd) -k=0 /3 i/a) + 2d^dk ((xa) - ^ = 0 i/j3) cos («j8) 

sin* (a^)(rf2)2= {(pa/3) cos (a^)}2ci?a2+ {(pi3a)-^j 2(//3'-^ 

- 2 {(pa^) -\-k cos (a/3)} {(p/3a) - /*} dadfi cos (a^) 

’^r^dadk {( pa^) +/’ cos (a^)} + 2d&dk {(p/3a) - k] cos (a/3) + riH 

Reduce f/2i4,.(|a,.)4*2Z?,.cos(|/3,.) = 0 c. 

et 2 A ^ {^arY+2B, con = X, 

*. 2J,.(Xa,.) + 2i?,,cos(X^,)=0, (cX) = 0, 

•. 2dAj (Xa!,)+2^1, (i/Xc/,) ci?X — 2-d,,sin (m,X) 

4* 2 dB, cos (X/3, ) + 2 i5, sin (X/3,.) (cA> -d^,) — () 

— sin (rcX ) f/c + (ci/X) d\ = 0. 
ultiplying the second bj 2i1, and subtracting 

2dAr (\a,)-\-2Ard\ {a^cvX) -2.4rSm {ra^K) da^ 

4- 2 dBj. cos (X^, ) 4- ^^X 2 sin (X/3,.) - 2 /?, sin (X/3, ) 

4- 2 , sin (rcX) dc—0 

'hence 

2il, (fa,.)4-2Z?, cos (^/3,.) = () c)2c^2^,.(fa,) + 2Z?, ooaJ^^^O c 

= - 2 (a,«,c)(i4,.rf^,-^„<a?^,.)4- 2dA, B^(ca,.v^,) 

» . « r, s 

— 2^,.2c/a, (Ta,.c)4- 2 .d, Jg{ci?ay(agCTa,)4-c?rt„ (a, .crag)} 

r r-¥t 

4- 2^,.5gcfa,.cos(ra,/3g)4- 2 dB^A^ia^cv^,) 

r,s r,H 

2 {BfdBg — BgdBf.) sin Or^«) “ 2 .R,. ^g {d^^ 4'G^S«) cos (/3,./3g) 

n * 

- 2 R,.2g?/3,. - 2 AgBrd^r {a,c^r) 

r r,8 

-dc2Ar {2 Ar (Tcar) + 2Bj cos (rC/3,)). 



CHAPTER VIII 


REDUCTION OF MEASURES CONTAINING 
FUNCTIONAL ELEMENTS 


§ 60. We give in this chapter formulae which enable us to 
evaluate any measure containing any of the functional elements 
defined by />; v, t. 

We require the values of 

{Txa\ {Txa) \ {vxa\ {vxa)\ (p^a\ (p^a); (j/fa), (i/fa). 


§ 61. Formula for the evaluation of {rxa). 
We have from § 49 

{Txa) = (xaf~ . 


Formula for the evaluation of (rxa). 

We have sin (rxa) = — • 

Formula for the evaluation of {vxa). 

We have {vxa) = | ^ from § 46. 

Formula for the evaluation of {vxol). 

We have cos {vxa) = — ^ . 


§ 62. Formula for the evaluation of {p^a). 
We have (vfa) *= ^ . 




But 
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Formula for the evaluation of{p^a). 

We have (pfw) = = sin («f) (i;f 5|). 

Now (rf i|) = j _ _ . 

Hence (pfa) = sin (af) 

l(/)fof)| may also be found from the formula 
!(pf«)| = sin»(f«)^, 

but the sign of {p^a) cannot be determined from this. 
We may also evaluate {p^x) from 

Formula for the evaluation of (v$a). 


See Ex. 6, p. 42. 


We have seen 


(p^a): 


.dm 

■ 'df • 


Formula for the evaluation of(v^a). 

We have (i/fa) = (fo) - J . 

§ 63. Examples. 

1. Reduce {r^rja). 

We have from § 51, Ex. 1, 

(^i;a )3 d$rja = (r}a) ) (^a) o?,;, 

••• 

^ __ iP^vi) M + (^«) ^»7 

i ^ (P^^y-^ d$‘^-i-(p,fiy‘idrf'^+2 {p$ri) (prf^) cofi {fi) d$drji \ ‘ 

2. Reduce sin (r^^a). 

s.n(rr,<.) — p-^1 ^ 

L d^tj Ja const. 

^ j p^n) «in (va)<ii + (p v^) (^g) c?7 

I V ( + (Pn$y 4- 2 ( p|7) ( ^7^) cos (^7) ’ 

from Ex. 6, p. 42. 

3. Reduce {vxya). 


{vxya) — 


d {xya) 
~dxy 


_ _ I (.y<y) I {y^ ^dsy) { rxy) c6-+ I (xa) | cos (x axy) (ryx) dy 
{Txy)dx-^{Tyx)dy ^ 
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4. Shew that 


_ dy^ + 2 [ {ax) {ay) | cos {ax ay) {yrx) {xry) dxdy 

{{yrx)dx-V{xTy)dyY ~ . 

5. Reduce {p^a). 


xya 


^ + 1 I cos {y.v xa) (ryx) dy 




(rxy) dx-\-(Tyx) dy 


= ~sin(;j^a) 


{xyayxy^ (rxy) dx-\-{xyaxxy^) {ryx') dy 


a — xya 


(jxy) dx -f {ryx) dy 
- (rxy) dx-(xyaxxy„) (ryx) dy 

(rxy)dx-\-{Tyr)dy 

Hence (/)#«) = £^+ (^) (£?) 'b 

{rxy) dx + {ryx) dy 

6. Reduce (p$Tjza). 

_ (^q) (^^>7 ^z) d z 
{r^r)z)d^ri^{^^TZ)dz 


(p^rjza)^ 


_ (')*) {pin) +(f*) {pni) <^v . {(’I'T^) 1 . 

.sm^(fi;) ■^sin(^7) 

JZ(^ {(rjz) (p^rf) d$-\-{^2) (pT)i) dr}\ - {^rja) (f rjrz) d: 
\n^) (P^V) ^^ + (^2:) (pf)^) dr) -Hin (^Tf) (^TfTz) dz 


7. Reduce {tx^ u,a). 

{tx^ iia)dx^ ci = (.r># ^a)^dx^ ~^a 

= {(rxa) + 2^ sin (pro?)} dx-S (.rap) dp -2 (.vy vp) p dp 

+ 2^^c?p+ 2 pa {dp + da) CO^ (pa) + 2 (pda-^adp) sin (pa), 
from Ex. 2, p. 48. 


8. Find the value of (rXf^ ^a). 

sm(TX^ ^ia)dx^, ,6=— cf(.r^ ^a) 

= d{~ (xa) + 2 ^ sin (pa)} 

«s»sin (rXa) dx-^2dp sin (pa) — ^pdp cos (pa) 


9. Find the value of (vxfi^,„4^a). 

(vA>^...^a) fl?a»s=c?(4?^ . ^a) 
c= d {(axta) + 2 ^ sin (pa>)} 

s= sin (rxm) dx + (dxpa>) dm -^2 dp sin (pm) ^2 pdp cos (pm) + dm 2 p cos (pm). 
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10. Find the value of {px^.. <^a). 

{^pX^ 4*wA) 

= (v'V^ si n (ao)) 


= 8in (aw) * --- 


sin {txod) dx + (a.r vw) da>-\-'S,dp sin (pw) - S pdp cos (pw) + </<» 2 p cos (pw) 


doi 


a = ax^,„4tu» 

= [sill {rxco) sin (neo) dx + {aX^ ... <l,uXua>) d<a + sm (aw) 2 dp sin (pw) 

- sin (aw) 2 p dp cos (pw) + sin (aw) da 2 p cos (pw)]/«/w 

= sin (r.rw) sin (aw) ^ -f sin (aw) 2 ^ sin (pw) — sin (aw) 2 p^^ cos (pw) 


+ (a.r) — (x^ . ^o?) COS (aw) + sin (aw) 2 p COS (pw) 
ti (aw) 2 sin (pw) — 

+ (.t'a) + 2 ^sin (ap). 


= sin (tX(o) sin (aw) ^ + sin (aw) 2 sin (pw) - sin (aw) 2 p ^ cos (pw) 


11. Shew that 

(jo2«^(.ra,.) + « = 0 iJi)s=[2a,2c^a, — 2«,.a8[o?(i, (»/o, a8/£i)+rfag (ai.i/as/y)} 
r 

+ 2 (a^a*^) (<'/,.c?a8-a8ri?a,) + a2rf«,.sin (ar^)—daSa^ sni(a, ^)] 

s r }' 

-^[2 a^'^da^ + 2 a, (o?a, A-da^ cos (a^o,) -H 2 (r<, rfwg - a^da^ sin (a, a^)]. 

/•#='< » , N 


12. Shew that 

(r2.4^(|«^) + 2i^, cos(^^,.)=-0 c) g? {2 ^ , (^t/^) + 2 cos(^/3,)=0J 

= - 2 («,.r^c) (.1, rfjg- J8 g(.I,)+ 2 dA, {ca, 

r, H r, s 

— 2.4,*-^ da, {ra, c) + 2 /I, ^Ig [da, {af,CTa,) da„ {a, ora^)] 

/•#=» 

+ 2 ^1 , Bgda, cos (ra,.j3g) + 2 AgdB,. {<t„cvfi,) - 2 {B,.dBa - /?gflfZ>,) sin O, Z:#*) 

r, s >•, s r, s 

#^s »• r, H 


13. Find the value of sin (rfi/r C«o)- 

sin {r ^rjT ^<o) d ^7} = - d{T^a^ri) 

^"^8in(f^)’ 

.*. sin-^ (fi;) d^. sin {T^rjTC<o)= -[{{pirfTCa)d$-\-{$vriTCa>)dtj} Sin (fiy) 
+ (?»?’■ C® ) COS (f 7) (fl^- o?7)] 

^ =sin (r^vKiP^v) dj-^in (r^f) (prj^) drj], 

.*. sin* (^i;) d^rj sin* (fw) g?^w sm (r^r^a) 

= -sin2(C6>) [rf (^^»7) ~o?(fwf) (pi;f) o?»?] 

= (pf»?) sin (w^) c?C+(P®f) sin (^i;) o?w} 

~ (?>7f ) G?7 {{pM sin (w{) d(-\-{p<aC) sin (^f ) da} . 
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14. Find the value of sin 

sin {rx^ry^) dx^ ^ - d (ry&x^) « + o? { ~ {ry&x) sin {pTy&)} 

s=siu {TXTy&) dx+dp&in {pry&) -pdp cos {pTy&\ 
sin (TX^Ty&) dx^dy^=dxd (y&rx) - dpd (y&p) —pdpd (y6pn) 

= dxd {(yrx) 4- a sin (< ttx )} —dpd {(yp) + a sin (<rp)} 

- pdpd {(yp^ + a- cos (ptr)} 

^dxdy sin {TXTy)-k-d.vda sin {rxa) — dydp sin {ryp) 

-f- dxvda- cos {rxcr) —ypdp cos {ryp) 

+ (pda 4- padp da) sin (per) 4* (dpada — pdpda) cos (pa). 

§ 64. We may now differentiate determinates in a straight- 
forward manner. 

The formulae used are those of examples 1 and 5 of § 63, 
which are of a reciprocal character, viz., 

sin» (f»/) ( t lij a) = (pfij) (»;<») rf? + {j>r,^) (A), 
{o-yY (p^«) = (rxy) (yd) dx + (ryx) (wd) dy . . .(B). 

We consider determinates of six letters; this will be found to 
be quite general. 

First, consider the line 

xy^afic. 

Now (xy^aPcydxy^a^c 

= (icy^a/3y [(t^ f a c) d ^ f a + (^ f « /8 Tc) dc] 

= (xy^affY (rxy^afic)dxy^(ifi + (xy^afi) (xy^a^rc) dc 

- (-w/Sd)’ [(p^ ? « /S) (/3c) d^ f « + (p0xf^ a) (^f a c) d/3] 
+ (xy^a^)(xy^adrc)dc by (A), 

= i^c) (xy^af (p^\a^) d^ ^a + (xy^apfi) (xy^ac) d/8 
+ (xy^aff) (xy^afirc) dc 

= (^c) [(T^f a) («/3) d^ + (^^ra) (^^/9) da] 

+ (xy^aplS) (xy^ac) d/8 + (xy^a^) (xy^a^Tc) dc by (B), 

= (“ySy (c^) d^f + (c/8) (fi^yx) (ra^yx) da 

+ (p^a^x) (ca^yx) d/8 + (xy^aff) (xy^afirc) dc 

= (*y)* ipS) (/8a) [(p^O (?«) + (^P?) (^a) 

+ (c/8) ((8?yir) (rafyx) da + (p/3a^yx) (ca^yx) d/8 

+ (xy^a^)(xy^aPTc)dc by (A), 
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= (c/3) (/9«) («?) (xyy + (c/9) (/9«) (rtyic) 

+ (c/8) (jSfj/ii-) (ra^yx) da + (p^a^yx) {ca^yx) 

+ (xy^u0) (xy^afirc) dc 
= (c/3) (/3«) («tf) [(Ta;y) (yf) </./• + (ryx) (x^ dy] 

+ (o0) (^a) {ayx) (pfyx) d^ + (c^) (^fyx) (rafyx) da 
+ (P^a^y^e) {ca^yx) rf/3 + (.cy?a/9) (xy^afirc) dc by (B), 

= (c/3) (/S«) («?) (fy) (yra:) dx + (cj8) (/9«) (a?) (§r) (a^ry) (iy 
+ (c/9) (ffa) (ayx) (pfyx) d^+ (c0) (8fyx) (ra^yx) da 
+ (p8aKyx) (ca);yx) rf/3 + (xy^a^) (xy^a^rc) dc. 

A rule is clearly discernible : take the letters in the reverse 
order of that in the detenninate : viz. c\ /8, a, f, y, x. 

To write down the coefficient of dx, replace x by tx, and we 
have c, A «, f, y, rx. 

Then the coefficient is the product of pairs in the same order. 

The coefficient of dy is got by interchanging x and y. 

The coefficient of di^ is got by writing for f*, the letters 
becoming 

c, A 

We form pairs in order of all the letters before and 
afterwards with the letter before p^ form the measure of all the 
letters succeeding p^. The last component in the coefficient is 
the measure of jof with the letters following pf. And similarly 
for the others ; with the exception of the coefficient of dc which is 
easily written down. 

It is easy to shew that the coefficients in a line determinate of 
odd number of letters as 

( ^Tj 2 abydy d ^rjz ah yd 

follow a similar rule. 

Next, we consider a point determinate, namely, 

^rfzaby 

( ^7)zabyy (d ^tjzab yY 

= (^rjzaby [(p^ z ah yY (d ^rt z a bY + zabpyY (dyY 

■^{p^rf zaby) (^t) zahpy) cos {^r) zaby)d^7j zabdy']. 
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This we can reduce if we reduce 

{^zabf (p^zahy)d^rjzab» 

This is equal to 

{^rizay [(rfi; zah) (67) f 17 a + (fiy z a rb) -S' « 7) c?6] 

= (h) («*) ^ ^ + (f^ « p«) (f? ^ J) d«] 

+ ((rfzarb) (^r/z^y) dh 

= (76) (6a) sin* (fi;) [{r^rtz) {za) ■{• (f)rz)(^a)dz] 

+ (7^) (P^vS) doL + (yOizrfO (rbcLZrj^) db 
= (76) (ba) (az) (ztf) (r)pS) df + (yb) (ba) (az)(z^) (^prj) dr) 

+ (yb) (ba) (avi^) (rzrj^) dz + (yb) (bzri^) (poFiyf) da 
+ (y<xz!v() (rbazT!^) db. 

It is easy to see that the same rule holds good, as in the case 
of line determinates. Hence the differentials of determinates of 
simple elements may be written down. 

§ 66 . ExampUi, 

1. Shew that 

(ayajojaa . .. OH- !««)* (/?^ ai oa ... an» 1 </„ a„) ^ ^TTi <72 ... ow- 1 «« 

~(<*n®n) (®»<*n-l) ••• (<*iTa?). 

2. Shew that 

({010102 ... o»-ia„_ 1)* (p{ai <*i 02 ... a„_i a„_i On) ^ foi <*1 02 ... o„-ia„>l 
=*(«n-ian-i) (on-i<*n-2) ... (oa®!) (Wiai) (aii>S)- 

3. Shew that 

( 4 “i® 1“2 ... «n-ian)* (^{oi Oi ... a»-i OH<»n) ^ {«l «i «a ••. ««-i «» 

*=(«na«) («nan-i) ... (oa^i) (^1^1) (aip$). 

4. Shew that 

(^oiOa...<»,i-ia»-i)*(T,iaIaiOa...o»_iOn-ian)^^aiffa...an-ian-i 

^(^nOn) (onan-i) ... (oa«i) (oiai) (aird?). 
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6. Henoe reduce 

... — &-1 + 

(fl&^lfs^a ••• (n^n-l)^ (/>5lf2^l&^2 ••• lfn + l)o^^lla^l^8 

({lfo^l&*^2 ••• ^n-1 (n + l)^ (s ••• ^n-l (n + l^n) & *•• ^n-1 f»+i 

(<*^1 <^2^1 •'^3 ^2 ••• **^>*^11-1)^ ^ 1^2 $1 ^3 ••••^n^ti-l^n + l) dlX!\X 2 ^\ X^ ••• Xn$n- 1 » 

6. Shew that 

(xaiai ... art-,a„)2^^aia2 — a«-i<*«=(«*Ha»-i) (ow-i «n-i) — ("laO 
and ((aitti ... OnOn)^ ^ (ai «! 02 ... anan^ia^On) (anttn-i) ••• («iai) {aipi)- 

7 . Reduce — oi ••• a» - 1 6). 

ax 

d (j^ioi ... an-i<^n 6) = (v^aiai ... On-i «« 6) «1 ••• ^n~\^n 

^{hpxc^ ai ... an_i oi ... a»_i <?»») dxa\ oj e*. a»_i 

= {(65raiaj ... a»-i an»)~(P^“i ••• **»-i <*1 ••• “»»-.!«»»)} 

a » 

X d xui ai ... a,|.i 

.-. (^aiOi ... a«_i an)^ ^(xdiai ... a„_i a„ 6) 

= (b^ai ...Oft-i a»ir) (an«»-l) (Ofi-l^n-l) ••• (ai<*l) («i ’*•*?) 

~ (^oi ... Qn-iannan) («»a„_i) (on-ian-l) ••• (ai«i)(«l^^) 

•I 

= (<*» «*» - 1 ) (on - 1 «« - 1 ) • • • («i «i) I I ^ (^®n 5?ai ai , . . a,i _ 1 a„). 

8. Reduce ^ |(^aia3..,a„a„6)|. 

(xaim ... aH«n)* c? K^oi <* 2 — I 

« -(^aiai ... an On)^ cos (T^aiaa...aH On ^aiag ... ana«6) 

* X(2^iaia2...anan 

« - COS (.^ ai a 2 ... anUnhon) («n<»n) («i»«n-l) ••• («2“i) («l®l) (<»lTX) dx. 
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9. Reduce ^ [jcdi ai 

(^OjaiOj ... OnOn? ^ (^joi <h — 

— (^SSQ>\€i\ • •• SID (t X€I^ 0^02 ••• ®ii Ch j®) ^ *IWI^ (l| ••» dn flfi/ oKjP 

-sin (^a») (dnOw) («nan-l) — («aOi) (aiai) (aira?). 

10. Reduce ^ (faj Ui 02 ... a,^ i3), 

({ai ai a 2 ... Cfn-l On)* (^«1 02 ••• «n-l “n^) 

«8ln (/3a«) (onan-i) («n-ia«-i) ••• (as®!) («irfai) rffoi sin® (faj) 

a* sin Oon) (a»an-i) («n-l«n~l) ••• (a8<*l) («l«l) («lPf) 

11 . Reduce ^ | (fai Ui 02 ... a»-i cn 6) |. 

(|aiaia2 ... «n-i^)*dfl (f«i«ia2 ••• ®»-ian^)l 

= - cos ({ai <»i 02 . . . I a„ 6 On) (a» ttn-l) (an - 1 «n- 1 ) • • . (oi^l) 

(«! T(ai ) rffai sin* (fai) 

=» -C0S({aiaia2 ...an-ian6an)(a„an-i)(an-ia»-i) ... (ajoi) (aip()d(, 

12. Reduce ^(£^aia 2 ...a,»a,(6). 

({aiaia 2 ... 0^0^)* (foi ai oj ... a»an 

= (a»oO (onan_i) ... (aaoi) |(Hi)l cos (ban^iOi ... a^On) 

(aiTfSi)rff^sin*(fii) 


-(^n^in) (Onan-i) ... (a2ai) (oiai) [(fton)! COS (da^faj aj ... ana«) (aip^) rf{. 
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GENERALIZED DISPLACEMENT OF A POINT 


§ 66. In the foregoing we have supposed that the consecutive 
position (f! of a point m is given by 

•We shall now consider the most general case, viz. 


§ 67. To find dx, 

(daiy-i(drxy + 21drWdtWOoa(TrXTtx), 

§ 68 . To find drx, 

dTX =s dxXtix^l^ix>T%t,i%fB 

.-. drx ((&)* = 'l{drXfidrrX + 2 drxdgX {dr^x + dT,x) cos (rrXTgx) 

r+» 

+ 2 {dfxdfx - d^xdf^x) sin (rrXTfX), 

r,it 

from corollary, Ex. 2, § 55. 

This gives drx. 

Defining px as we have 


pfl? = {2 (drxydTfX + 2 dfXdfX {dxfX + dr^x) cos (Tr®T,») 

Hm 

+ S {dfXdfx - dtxd^x) sin (Trd»ri«)) 
+ (S {drxf + 2 S drtsdtX cos (r,«r.«)}t 

§ 69. To find (vxa). 

, ^ 1 T (afay-imf 




2, 


ss^SdfX |(flWl)| cos {xdTrX)/dx, 
(pxa)dx^^Xdrx(xavrx) 
(vxa) dx^i {Xt,^a) dfX. 
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[IX 


§ 70 . • To find (rm), 

(rm) dx « {xaydWd « (my 

(rxa) (fo?— |(cMp)| 2 drX sin (oxt^x) 

» 2 dfX (aXTrX), 

(rxa)dx^'ZdfX(x^^a). 

Whence it is easy to see that any complex measure involving 
the generalized displacement can be reduced. 



PLANE CUEVES 


CHAPTER X 


REDUCTION OF COMPLEX FUNCTIONAL ELEMENTS 


§ 71. We have the simple functioaal elements 
TO?, vx; vf, 

where a:, f have successive positions. 

Complex functional elements are as such, 
prx, rp^, VTX, vvx or i^x, pv(. 

For the reduction of these we have to make some initial 
assumptions. 

Assuming prx = 

Tpf = f. 

we may find the values of the others. 

These define the geometry of plane curves. 

For if X, x\ x" be three consecutive points on a curve 

TX = XX', {txY = X'x'\ 

.* . prx =s rx {rxy = x. 

Similarly for curves defined by a line variable. 

We proceed next with the reduction of other complex elements. 
We make the following definitions, 
drx dvx 
dx ^ dx^ 


so that px . prx »* 1. 


dH 




pft 


— is called the radius of curvature of the curve at its line 
px 


( or point x. 


T. G. 


5 



66 REDUCTION OF COMPLEX FUNCTIONAL ELEMENTS [X 

It is essential that the order along the curve in which its 
points take up successive positions, should be definite: this 
ensures a sense for tx. 


§ 72. (i) We have ptx = {pTx)vx = oc^x = vao* 

_ d (axvx) _ sin (rxvx) dx 4 - (dxv^x) dvx 
dvx dvx 

= ^ — |(aii?)| sin {j^Tx) 

(v'^xa)=^— — (Txa), 

px ^ ' 

Corollary, {v^xx)^ — , 

px 

(iii) (pvxa) = {yxv^xot) 

s=s (y^xavx) sin {civx) 


sin (pLvx) 


Hence 


= — cos {oLTx) + {rxvxa), 
px 

{pvxa) = {xa) + . 

ppx = x^^ 1_ . 

*px 


(iv) 

(V) 


vp^ = vrp^ = . 


(i/2fa) = 


d (v^a) 
dv^ 


d (apf 
dv^ 


_ sin {rp^v^) dp^ + {ap^v^^) dv^ 
dv^ 



71-73] KXAMPLBS 

(vi) =■ «) = sin (apf) 

= {^f-(f^)}8in(wf) 

= COS(f«) + (fl/f*) 

(pv^tt) = (pf a) + cos (fa) pf. 

§ 73. Examples. 

1. Shew that 

(l/2nf a) = p( 2 »» - 2 ) ^ _ p( 2 « - 4) ^ ^ ^ _ )n - 1 ^ _ JH 

We have (*''*f«)=pf-(Sa), 

differentiating (i/3^a) = - (i^|a) + p'|, 

and 

= -p^+p''f + (^a), 

(i/O^a) =p| - (^a). 

Hence the general formula. 

Again (,/6^) = _ (^s^) + p - 1 

= -p'f +/>"'|+( k^o), 

giving the other general formula. 

2. Reduce {pv^^cC). 

(pv'^$a) = {pv . v^a) = (pvia) + cos (i/^a) pv$ 
=(p$a) + COS (|a) + sin (f ti) p'f . 

3. Shew that p*'”^=p<“)|, 

4. Shew that 

(pi-»|a)-(?)i-»->fa)=p(»-l)f cos |(«-1)|_(|„)J . 
Hence shew that 

(/?i/»^a)=:(pfa)+p(»-h^C08 |(?i _l)|_(^a^| 

+p(»- 2)^ cos |(7i - 2 ) ^ - (^a)j 
+etc. etc. 

We have 

( pu^ia) = (^ 1 / . i/»» - 1 ^a) cos (i/« ~^ia) + - » ^a) 

= +p(»-l)^ cos |(w - 1) ^ - (|a)| . 


67 


5—2 
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[X 


6. Find the values of {v^xa), 

(v^**xa) s= (y** -* 1 . vxa) 

(y2n - 1 __ ^y2n - 2^ 

\/>a7<ir/ Vpo:/ XpxcgxJ \px) 

6. Find the value of ( pv*^xa). 

(pv^xa) = (pv<'-' pxa) = (ppxa) + * pvx cos |(m - 2) | - (KJa)J 

= + Qi- i)* '© <=<» {("-!) |+(r^ 

©‘’‘’® {(»- 2 )| + ( t ^ + ... + .... 



CHAPTER XI 


SUCCESSIVE DIFFERENTIATION OF MEASURES 

§ 74. We propose to find the successive differentiations of the 
measures of two elements containing one variable element. 

§ 75. (i) Successive differentiation of | {xaf, 

= 1 — {rxa) pXy 

= — {pooY (vxa) - p'x {rxa), 

\ (^) + (wa)/)'»J 

= — {pocy {ffxa) — Spxpx (vxa) — (rxa) p"x 
= — (pxy + {{pxy — p^'w] {rxa) — Spxp'x {px(f)y 

+ {S(pxyp'x- p'"x}{Txa)+Spxp'x{l+px(rxa)} 
— 3 {(p'a;)^ + pxp'x] {vxa) 

=s — bpxp'x + {{pxy - \pxpx — 3 (p'iJ?)*} (I'ira) 

+ {6 {pxy px — p'"a?} (r^^a). 

And generally, ^ f ^ w (r^ra) + Bn {vxa) + Cn , 

where A, 5, (7 are polynomials of pXy p'xy p'x ..., and 
An+I ~ A,/ — Bnps^y 
5n+i = 5n' + Anp.l^, 

C7n+i=(7n'+i?n. 
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SUCCESSIVE DIFFERENTIATION OF MEASURES 


[XI 


(ii) Successive differentiation of\{xa)\» 




( iLV i/a-rtM = A _ pa; (!/»«!«) _ (va;a)* 

\dx) '' '' ||(a:a)|| |(a;a)| |(a;a)|» 

_ I ’-pa: (rxa) {vxay 
|(a;a)| i (*«)!’’ 

(AA I (anA i = - _ (pa;)» {vx a) ^{vxa) 

\da;) |(a;«)l l(*®)| 

Spa: (jxa) {vxa) 3 (vxay 
|(a;a)p \(xa)f ’ 

^01 

- (rmV + (va,aY I 


(lii) Successive differentiation of (xa). 
d (xa) , . 

-dx- 

((S) dx 

idx) (^«) = £Wcos(T*a)) 


1 5 (vxa)* 


^4 ~ (rxa) + (pxf sin (rxa), 

(so?) ~ (rxa) + Sp'xpx sin (rxa) — (pxf cos (rxa) 

= {p"x — (pxY] cos (rxa) + Spxpx sin (Txa\ 

(s) sin (rxa) 

dx (rxa) — 3 cos (rxa) 

= {6 (pxf p'x — p'"x] cos (to;®) 

+ sin (Ta?a) [^pxp'x + 3 (pxf - (/oa?yi. 
And generally, (^ea) = sin (rxa) 4- cos (rxa), 

where A, B are polynomials in px, p'x, p"x ... and 

An+i as An' + Bnpx^ Bn^i = Bn — A,ipiZf. 
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75 , 76 ] 


(iv) Successive differentiation of (fa). 


dm 

ds 


= (i.?a), 

d 




and generally, 

(rfi) 

■■• (J|) f - p'*""*’ f + • • • + + (-)” (?«)• 

/ ^ \ 2 n — 1 

(jf) ^ I + . . . + (-)“ p'^ + (-)»-' (»'?«). 


(v) Successive differentiation of (fa). 

Hence {^\^a)=-(i, n>l. 

Thus we see that we have general expressions for the nth 
differentiations of the measures of two elements in which the 
variable element is a line. In some cases this renders the line 
more useful as a variable than the point. 

It will be seen in the next chapter that both (fa) and F {(fa)} 
can also be integrated in known quantities. 


76. Examples. 
1. Find 

d 


« = 1,2,3. 


/— m (rxa) 


pe(vxa) 2 (rxa) ( vxa) 
(xa)''^ {xay ’ 


/ 0 ? . d (rxa) pv ( 

d.v(x<iy~ (.1 
/ \ 3 _ px {vxa) - p-v {rxa)] 2p x{vxay^ 

\dx) "{xay ^ (xa)* 

2px (v.va)'^ 2 (rxa) {1 — p.v (r^Fa)) 8 ( rxa) (vxaY 

(.m)* {xa)* {xaY 

= (5" w & 

^ Apx {vxaf_ __ 2p x {rxaY ^ 8 (rx a) { vxa)'^ 


(xa)* 


(xa)* 


(xa)^ 
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[XI 


2. Find 
We have 

s 



^1=1, 2, 3. 



- sin (a/S) 


fL 


(jo{a) sin (a/3) 
sin»(^a) ’ 


. . sin* (fg) - (p(a) . 2 cos (gg) 

+sm(a3). sin* (fa) 


sin* (fa)- 2 (/>fo) COS (fa) 

:siu(a/3).- sin* (fa) ’ 


sin (a/3) . {4 sin (fa) cos (fa) - 2 (pfa) sin (fa)} sin (fa) 

{sin^ - 2 (p€a) cos (gg )} . 3 cos {( a) 
sin^ (^a) 

= ^4^y [7 sin‘^ (^«) cos (|a) - 2{pia) {1+2 cos^ (fa)}]. 



CHAPTER XII 


INTEGRATION OF MEASURES 

§ 77. We define integration as the invei-se process of diff'er- 
entiation. Thus, for example, 

= («'?«). 

We have with the usual symbol of integration, 

f (*'!«) df = (?a). 

If 0 be a constant 

/(!/?«) d?=(f«) + C. 

§ 78. Integration may as usual be defined as the limit of the 
sum of a series. For the integrand being an algebraic quantity 
we must have, if /(() be a function of absolutes containing f, that 

f /(I) i { /(a) +/(ai) + . . . +/(«» or y9)J h, 

J a n-*>co 

where h = (aai) = (aicrg) = . . . = (On-i^n) = are the limits 

between which f takes all values. 

§ 79. In the foregoing it is generally necessary to suppose 
that f envelopes a curve, and so also when we consider the 
integration of measures of a variable point, we have in general 
to suppose that os traces a curve. 

We have as before 

and f f{x)dx<^ L (/(a) + /’(ai) + ... +/(«„ or 6)) A, 
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INTEGRATION OF MEASURES 


[XII 


where l(aa,)| = KaiOa)! = ...=* |(an-ian)| 

_ length of curve from a to 6 
n 


§ 80. Integrals of measures of elements containing a point 
variable : 

(1) I dx = length of curve from m to n. 

J m 

For the indefinite integral we shall write 
j dx = lin a\ 

(2) j (Txa) dx = (amn) + the area of space between ^ and 
the curve from ??i to ?i. 

Foe the indefinite integral we shall write 

J (Txa)dx = seg x. 

(3) J (vxa) dx = i 
From which we have 

(4) J {vxu) (xa); dx = j g<l)(g)dg, where g= (xa) , 

For ~ J y4> (y) dy = 'i ffy^ 


_ (vju) 




(5) j sin (Txa) (f> (xa) dx = —J<f>(y) dy, where y = (xu). 

Itxl^ ^ 

^ dx = -j<l> (y) dy, where y = (Safi). 

For 'l-j 4> (y)dy--Tf 

( 7 ) I (xa ) cos (rxa) dx = trapezia m {mna) + seg x, 

J m 
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This we prove by the summation process. Let wi, n be two 
points on a curve. From points 
on the curve draw ordinates to «. , 

Let ^ be a point on the curve, x a 
consecutive position. Let p, p' be 
the feet of the ordinates. 

Then it is easy to see that, since p 

dx cos (jxa) = I {pp') I , ® 

[ (xa) cos (rxa) dx = trapezium (mna) 

J m 

4- area between (mn) and the curve. 

Hence the indefinite integral is 

J (xa) cos (rxa) dx = seg x. 

(8) From (6) we have 

/ (^/S) dx = — Jsin ydy = cos y = cos (xd^), 

■ ■ / ~ i^^)- 

If (afi) = 0, we may put 0 = aby and we have 
[(Txa)(xab) j 

j "1(^)1^ (/.r = -!(a6)|cos(^aa6). 

(9) Again from (6) we have 


f (rxa) 1 

J (xaf sin(^ 


f 17 — \ ' \ Y a\) = — log tan ^ (a?a yQ ). 


dx = - I (sin y)-^dy 
= - log tan iy. 


From which we have 
f (rxa) dx 


(10) We have also from (C) 


from which 


(rati) dx 


= cot (xaff), 


I l(aj3) - (x^)}^ 

and therefore J cot {Jmab). 
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(11) j {(T^ra) - (Ta>6)} ^ (a:ab) dx=‘jt^(y) dy, where y =» {m 

^ ^ (y) ‘^y “ {(■^*«) - (’•*^)} 0(«w*). 


§ 81. Integrals of measures of ele^nents containing a line 
variable : 


(1) = - (fta), where a is a fixed line. 

(2) J 4> (f«) ^^=-j<t>(y) dy, where y = (fa). 

(3) J(Md(= lin - (i;f«). 

For differentiating r.h.s. we have 

/of - (e«fa) = (fa). 

(^) J ("f®) i> (?«) d^ — j)ft (y) dy, where y = (f«). 

sin 

where y = (fa/S). 

(6) In (5) put ^ (y) = i , then 

f (p^a) sinMf«)^^__ 1 sin (fa) 

; sin* (?«) (foie)* ^ sin (a/3) ; y* sin (a/3) (fa/8) ’ 

. 1 

" J (hffy ^ sin (a;9)( fa/3)’ 

(7) In (5) put ^(y) = y, then 

J sin»(fd) ^ 2 sin (a/3)' 

(8) In (5) put 0 (y) = - , then 

y 


/, 




sm 


sin (^a) (fo/S) 

(9) /‘ (j>fo)cos(f a) . (pfa) . 

; sin»(ftt) + 


(„;^)log(f«^). 
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80-83] 

For differentiating R.H.S. we have 

ofc _ P f8in(fa) (pfti)cos(fa) (p(a)coa ((tt) 
sin (fa) sin* (fa) sin* (fa) 

/ sil^^) = “ 2 seg pf - (p^y cot (fa). 

§ 82. Integrals of point elements may be converted into 
integrals of line elements by the substitution ^=^)f, and 
integrals of line elements into integrals of point elements by the 
substitution f — tx. 


§ 83. A function of measures of a variable point is differentiated 
along the normal and integrated along the tangent of a curve. 
If the integral be such that it is independent of the path of 
integration, the function satisfies Laplace’s equation. For Jet 
the function of measures be reduced to a function of measures of 
the variable point ic and two fixed lines a, at right angles, thus 

F{(«a), 

Then the integral is' 

- / la^T) + a \lw) 

Since this is to be independent of the path of integration it must 
be equal to a function of {m), say if> {(aro), {ie0)}, 

dd> . , ^ dd> . 

= djt) + nm ““ 

^ __ 

’'3(a’/8) 9 (aw)"’ 0(aa) d(x^)’ 

d^F 8 ^^ - 0 

‘ ‘ 0 (a«y* 0 (x^y 



MISCELLANEOUS EXAMPLES. 


1. A curve is given by the general equation 

f{\{)oa)\, |(*6)| ... («a), («^)...}=0, 
to find the radius of curvature at the point x. 
Difierentiating once 


0|(«a)l dx 

■ V y (r^) 
3|(aY»)||(a:a)| 


Jf_ d{xa) 
0 {xd) dv 


.(i). 


Again, differentiating 

^ 9y (va;ay , 3/(1 pa7(rJ?a) (if.ra)2) 

FRioJp (*a)« 01(dra)| tKa-a)! |(axi)|' (a:o)»/ 

••• -'’"h£)«‘«(-“>+"0l£yiS} 

W 

Eliminating i/o? from (i) and (ii)'we get px: 


3y {vxay^ 0/ J 1 {vxa)^ ] 

d\{xa)f^ (xa)^ 0|(a;a)| l|(;ra)| (xa)^} 


2. Find the radiuH of curvature at a point of a curve given by bi-radial 
co-ordinates. 

Let a, 0 be the points of reference. 

Let ^ be a point of the curve. 

Let r=|(.ra)|, «=|(a;0)|. 

Let |(«6)(s«c. 

To find px in terms of r, s. 

G?/’ _ (uxa) ds _ (uxb) 
dx~' r ^ dx 

rdr _{vxa) 

8(U {yxb) 

' * r dx 8 dx^ drd8dx ~ \(i/a7a) (M.r6) / 

= fl _ 1 - {rxb ) px\ 

\ (pxa) (vxb) / 

_ (pxb) - (pxa) ((rxb ) {Txa) \ 

(pxa) (pxb) 1(1^07^) {pxd}) 

_(v^)j- (y^a) _ {rxpxah) 

{pxa) {vxb) (pxa) {vxb) 

.•. (xab)px=(vxb)-(vxa)-il ^ - 1 ^ 
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From a, h, x, vx we have the eliminant 

(a6a7)*— (ai/o?)® (607)2+ _ {(aj?)*+ ( 6 ^) 2 - (a 6 ) 2 } {avx) {hvx). 
From (i) we have 


Let 

Then 


( vxa) = rdrjdxy (vxb) = sdsjdx. 
(bx^)=6, 

(c?o ?)2 (ahx)^ =r^ 8 ^(dr^ + di^ + 2 drd 8 cos 3 ), 
~ (abx) 


. (dx )^ = cos $)y 


where 


_ 1 ^ _ 1 ^ ^ ^ _ ds ds ds d^\ 

^ 8 da- r da 7^8^dada\rda 8da drdad^]^ 

4a 2= 2r2o2 + 2 c 2 (j«2 ^ _ ^4^ 

rfa* = di ^ + + 2(;?r 0 ^ cos 
c2-r2-«2 


cos^=- 


2 r« 


3. Rectify the curve, whose tangential equation is 
We have by integration 

S^,[linp4-(./fa,)] SBrF(S^), where =/(y), 

.*. linjy^2il,. = 2il, {p$a,)-'2B,F($^r)y 
which gives the value of lin^f. 

4. Rectify the parabola (f 0 ) sm (|8) = a. 

We have from this 

cosec (fd)cff, 

.• lin/)f-(vf«)==-alogtan 
. • . lin pf = (fs) cot (^5) — a log tan J (f 6). 

6. Find the conic of closest contact of a curve. 

The equation of a conic touching the tangent tx at x of a curve and also 
having the same curvature is 

px (i/vx)^ + 24 (y v.r) (yro?) + b (yro7)2 = 2 (yro?). 

Differentiating three times and putting y=A, we have by means of the 
formulae on p. 70 

2A{-3p^} = 2{-pV}, .•.A = g. 

Hence the family of conics having four point contact is 
px (yvx)^ + (yvx) (9/Tx) + b Q/rx)^ = 2 (^rx). 
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Again, differentiating four times and putting 

pa? { - Spa.**} +2A { - 4p\v} + b {6pa?*} — 2 (p.^ — p"a?). 

U 1. ^ 4 1 P"'^ 

Hence 5a- 

3 9 pa?® 3 pa?* 

Hence the conic of closest contact is 

px (yp4?)»+^ (yva:) (yrx) +{|p*+|^ - | 


6. Similarl}^ in tangentials, shew that the conic of closest contact at { is 
- 9 (pf )‘ sin* (ijf ) + flpf* {ripi) {3p{ cos (i/O +p’( sin (ijf)} 

+ (9pi‘-3p£p"i+4p'i^) (,/.f)»=0. 


7. From the equation |(a?«)l-f |(^P^)i “ constiint of a point of an ellipse, 
deduce directly that (^s) (|s')= constant of a line of an ellipse. 

From 1 (xs) I + 1 (xs') j = constant we have 


fr<jiu which 


i.e. 

integrating 


(i/xt) (vxy) 

Kaa)!'’’ 1(^)1 ’ 

(a7«)* (xs'y^ 

**• (i/‘Ja)*“(Ta^* 
jvxs) (yA*iiO 
(rxii) ( tx $')~' * 

putting 

log (f s) + log (f «') — const. 


8. Shew that the join of the intersection of the normals at the extremities 
of a focal choiKl of an ellipse with the middle point of the chord is parallel to 
the major axis. 

Let the ellipse be ,(a?«)|— e (ad), s the focus, d the directrix. Instead of 
differentiating we may obtain the equation of the tangent at y in the form of 
an equation. 

For we have from Exs. 3, 4, p. 20, 

i('#f«)l=i(y*)l - ^Kay)icos(^y«)[ ^ 

(#f8)=W+^ {(y*)- (•»••*)} J 

If the point is a point on the curve, then ^ will be the tangent at x 
if is ultimately zero. 

W) 

Employing this method 

\iy8)\-k\ {xy ) I cos (#y«) = c (yd) + ek {(yd) - (a*d)}. 

Hence the equation of the tangent is 

This equation may aW> lie obtained by differentiating |(y«)| — «(yd) and 
puttinsr Ty=^» 
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If « be a point on the normal ly is perpendicular to this. 

Hence the equation of the normal is 

cos — e cos {zyh) = 0, 

{zyy8)-\‘e{zybn)=0, 

i.e. {zys) - e (za) + e (ya) = 0 where a the major axis — 8^ 

Similarly if be the other extremity of the curve and z now the intersec- 
tion of the two normals 

(zy's ) - e (za) + e (y a) = 0, 
adding (ya) + (y'a) « 2 (za), 

9. MacCullagh's Theorem. If a choid pp of a conic pass through a fixed 
point o, then 

tan i (psW) tan ^ = constant. 

Let 1)6 tlie chord pp\ and 8k be 8p. 

Then o^K=p^ so that 

(o^sk 6)\ = e(o^8Kb). 

Rcilucing (ow «) =-- e {(o8k) sin (ah) — (oh) sin (o>X)}, 

supi)osing, as we may, (pps) to be positive. 

i (8oa) = ( 08 \) sin (wd) + (oh) {sin (daX) cos (8da) - sin (ioa) cos (oaX)}. 

Put I (so ) ; « k (oh), 

.*. -=y shi (o«X) — cos (os\), 


where y deijends only on «. 

AVriting .v= tau ^ (ps8o), sin (osX) = » cos (dsX) = . 

Hence (e - k) - 2.)*y + (a -|- i*) = 0, 

an c(|uation defining X in terms of a. 


The theoi*em is true when o traces a conic with the same focus and direc- 
trix as those of the given conic. 


10. o and o' are two fixeil points, .r any point on the curve 
1 _ ^ ^ 

\(xo)\ ,(.ro')|”c’ 

Prove that the distance between .r and the consecutive curve obtained by 
changing c to c+^c is ultimately; 

he 

where r=|(.ro)|, /=|(j?o')l, « = |(oo')|. [Smithes Prize.] 

6 



T. G. 
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Differentiating the equation 

__1 L_ = l 

|(a?o)| \{xo')\ c 

along the normal we have 

cos (yx^) dp - 008 (yx^ )dp = ~, 

where dp is an element along the normal. 

And we have also differentiating along the tangent 

These two equations give the requii*ed value for dp. 

To eliminate ta*, i/a put (rA.ro) (TA.ro' and we have the following 
equations 

sin^ sin ^ 

jA ^.'2 ^2 > 

COS 6 cos d' ^ V . 

also where <^s=(ao'w) 

Eliminating 3, & we have 

pJfAdf. r'4 — ^ I dc 

^ 

^ ” c2 

rfc , j» . 

- , by means of r — r — - - . 

^ ^ ^ c 

n-' > V3 

11 . In a system of curves defined by an equation containing a variable 
parameter investigate at any ])Oint the normal distance between two curves. 

[Cayley. J 

Take the general equation 

/{| (ao)|, |(.r6)|, ... (Aa), (a/ 3) ...j =0, 

where c is a variable parameter. 

Differentiating along the normal 

sin(r^*5)_-2-g-^c-«s(r^=rfc, 

and along the tangent 

which two equations enable us to eliminate rA. 

12. From the theorem that the circumcircle of a triangle circumscribing 
a parabola passes through the focus shew by differentiation that if an isosceles 
triangle circumscribe a parabola, the join of the vertex with the point of 
contact of the base is incident in the focus. 
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Let a, y be the sides of any triangle circumscribing a parabola of which 
the focus is s. Then we have, since the circumcircle passes through 
(s^) ($y) sin Oy) + («y) (sa) sin (ya) + (aa) (jj/ 3) sin (ajS) = 0. 
Differentiate with regard to one of the lines, say y, keeping the other 
elements fixed. 

We have 

W (3y) + («y) cos Oy)j +(«a) {(avy) sin (ya) - (ay) cos (ya)} =0...(A). 

The condition that s, the vertex a/S, and the point of contact py of y 
should be collinear is 

(a^a ^)=0, 

• * • («3y) («*t) “ (a3»T) («y) = 

• («>7) (3y) + (a^) sin (ya) + (ay) sin (a^)} 

- («y) {(«a) sin (^vy)-h(a^) sin (pya) + (avy) sin (a/3)} =0. 

Hence the condition is 

{(aa) sin Oy) + (a^) sin (ya)} (avy) - (ay) {(«a) cos Oy) - (a^) cos (ya)} =0. . .(B), 
(A) and (B) agree when (j3y)=(ya). 

13. [Bertrand.] If through each point of a curve a line of given length 
be drawn, making a constant angle with the normal of the curve, the normal 
to the locus of the extremity of this line passes through the corresponding 
centre of curvature of the jiroposed curve. 

Consider the point where a? is a point of the curve, c a constant and 
CO makes a constant angle with tx. We need the value of (vXu,, rct). 

From Ex. 1, § 55, 

(vXu, c(f) = {(vxa)-\-c cos (r.^®)} dx-{-c (xaco) c/®, 
when c is constant. 

. * . (vA'u, JL) == c (cos (r.r®) dx + drx (x x^^ J. <»)J » 

' 'pjc ' px 

since (cotx) = constant, 

= 0 . 


14. If ^ 1 , ••• be a set of i>arallel lines fixed in regard to the 

tangent and normal at a variable iioint x of a curve, shew that | 2 » ••• In 
envelojie a set of parallel curves.’ 


15. To find the polars of a point in regard to an algebraic curve. 
Let P {(xa)\ (xhy ... (xa\ (x^)...]=0 

bo the curve, where is a polynomial. 

Let ^ be the point. 

Let ^ meet the curve in the point 
We have ... (^a) ...J “0, 


P [ ^ {(.ya)* + (««)* - (y«)*} + 0/a)* 


(ya) (z_a) 
~ l-yfc ■' 



where 


(ye 




6—2 
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Hence by putting the successive coefficients of /rcrO, we get equations in 
y, e. Looking upon ^ as a variable, these are the equations of the successive 
polars of y. 

16. Find the poles of a line in regard to an algebraic curve. 

Notation. We shall use the notation a . hkjk^ to denote the iwint a6y, 
where = 

(6y) 

17. Shew that = {h\)ki 

A*2 — A*i 

18. Shew that 

S (ct|A) 

hLj')- k 

»+*, 1 +S*, 1 +Sir, 

1 

Put the l.h.8.=7^„. 

Then /*,. , 

l+S^r 

1 

1 >„ (1 +S i,)- (1 + "s' *,)=/•„ (a„X). 

I I 

.Similarly /"„ _ , ( 1+ “s - i'„ . j (1 + "s ‘t^) = - 1 («» - 1 X), 

I 1 


7*2 (1 + 2 kj.) — Pi(l +X*i) = /*2 (®2^)» 


adding 

which gives /*„. 


1\{1 +2 Xv) - Pi (1 +X-,) -2 Xv («,.X), 


Notation. We shall use the notation a . to denote the line ajSc*, where 
= f * . It is evident that this does not completely define the line, as it 

{pcj A72 

does not specify any sense. 

19. Shew that (a . fik,/k,e) = , 

^^V+V-2'ti^!C08(«/3) 

where the sign of the square root is arbitrary. 


20. If be the isotomic conjugate of c in regal’d to a, b; a, 6, c being 
coincident : find (<XX). 

If 6 be the isogonal conjugate of y in regard to o, ^ ; a, y being co- 
incident : find (bl). 
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Point Reciprocation, Let o be a fixed point. 

Let X be any point. The i-eciprocal of x in regard to o is defined as 
where 

f-=o_ K — where AT is a constant ; 
iWl * "®ir 

from which it is easy to shew that ^ A' • 


21. Shew that, if i; be the reciprocals of y in regard to o, 


sin (fi 7 )=sin (^oy) 


\(j/o)(ox) 




|(«>)(yo)| ■ 


22. Shew that 


AVe have 


|(.ry)| = |(Oj „ 

„ A' AM^l 


=|{(oy)^- 24 (oy|)+(-|,}‘| ■ ^ 

' '• “’(oij) ^ (ori) ' 

-1 I 




2.3. Show that {.vq) — K 


IWKof)' 


(^7) = (Of.. Jf 


A(y{) 

"l(<>y)l(oe* 

For point reciprocation, we shall denote by Ro the reciprocal of any 
element in regard to o. 
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The preceding formulae become 


t(A.«ve.9)|=A' 


- K 


(oSHony 


(Ro(Jto2/)—^ • 


24. Similarly shew that 




-Ife'L. 

(of)l(oy)r 


{(nC) 


(of)(o,)(of)’ 




(xy^ 


lox) {oy) {pz)\' 

25. Shew generally that 

(x V r A' Ro^ 3 ^o^'n^w^n + l) 

/£, ^ >— fi' (^o^l ••• ^ofn + l) 

/t t ». £_ 1^- £ >. li" (Ao^i ^0^2 ^(,.^1 ... /i?„f„Aoa„_io) 

... A . i . 

26. Roulettes, 


One curve rolls on another fixed curve, to find the displacement of the 
point of contact and the tangent at the i)oint of contact on the I’olling curve. 
Suppose the curve to roll counter clockwise. Let the senses of description of 
the curves be counter clockwise. 


Let 07, a’', ot" be three contiguous points on one curve, y, y, i/' three points 
on the moving curve which take up positions a*, a /, .?/' in its rolling. 

Let a=y, a-'-y. 


y' 


y j 


.xf a* 

"" _ > _ 

In the rolling y remains at x\ but yy' beccimes a'a". 

I.e. if y be the point of contact on the rolling curve, then 

dy = 0, dry *= - dr^y H-cfra, drx>drxy^ 

where dr^y is the displacement of ry when the curve is fixed. 
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Knowing these two displacements, we may find the displacement of any 
element derived vectorially or equationally from them, by the method of the 
text. 

The case of a point on a rolling curve does not come under the classes of 
derived points considered. The above investigation from first principles is 
therefore necessary. 

27! Find the displacement of a point fixed in regard to the rolling curve. 

Let « be a point fixed in regard to the rolling curve and y the point of 
contact on the I’olling curve. 

Let 

.*. dz^Bdm^Bdry^^Ridrx -drxy\ 
and Tz—yzn> 

7 

28. Find the displacement of a carried line. 

Let ^ be the line. 

Then dry^drx - dr^y^ 


29. Find the radius of curvature of a carried point. 

We may now no longer concern ourselves with the fixed curve. 

Let z be the point. 

Then drz=^dyz by Ex. 27 

_ s in {jyYz) , _ sin { rzlTz) , 

IWI ICy«)l 

Here the displacement of y has a difterent significance from what it has 
in Ex. 26. In Ex. 26 the considerations of its displacement were due to 
the rolling. The displacement now is due to the point taking up, as we 
suppose, successive positions on the curve. 


sin(Tya))fl?y drx-drxy 

mn(Ty<ii>)dy I 
" /{^(drx-driyy R 


_ sin (ryw) 
~ (px-py) 

By similarly differentiating 


R* 


pz= 


find • and so on. 
dz 


sin {Ty'yz) 1 
(yzf(p^-py) \(ys)\' 



88 


MISCELLANEOUS ' EXAMPLES 


30. Find the radius of curvature of a carried line. 
Let C be the line. 

Then 




(uHa). 


d (vfa) 

" ~dvi '' 


d d 


dy 


di 


dC 


=ai« (TyCr)^“(«K) 


... = + 

Consider the case of a curve rolling on another curve which is rolling on 
another curve. 

31. Shew that the pedal triangles of a triangle of i3oints inverse in regal’d 
to the circumcircle are similar. 

Let the points be ^ /js. 

p 

Now if .r, ;/, z be the summits of the |)edal triangle of s , 

(^2)2 s= (oa)^ sin‘^ ( ^y) 

= {R^ + — 2Rp cos (Jd ft)){ sin^ (^y). 

If xf, y\ z' arc the summits for s jja, 


(.»A7={i 


+ — COS'-“ 

p 


{za a))j sin2 (/3y) 


32. If we repre.sent by the inver.se point of x m regard to a circle 
centre o, shew that 

4.t; * o_ /ja , where R is the radius of the circle. 

1(^)1 

.’. hyy^={o_ Ri o_ Ri Y 

OXt ^ Olft 

l(<w)l \(oy)\ 


33. Shew that 


{pxy^ {oyY 1 \ox) ipy) | 

“(0^)2 W 

{ohxYipllyYioToZf ’ 


where R^ is the circumradius of loX, I^y, l^z and p the distance of o from the 
circumcentre of 4^7, I^y, I^z. 
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We have Iqz)^{p o o ri ) 

1(^)1 55, i^l 55, 1(0^)] 

“ (oi)« 

by theorem on p. 29 which proves the result. 

Anhat'mmie or Cross-ratio. 

Let a, 6, c, d be four points incident in a line X. Then the ratio 

(«£) /M 

(ad)/ {bd) 

is called the anliarmonic ratio or cross-ratio of the range of points, and 
is rejiresented by {ah, cd]. If a, y, S be four lines incident in a point f, 

then the ratio is. called the anharmonic ratio or cross-ratio 

sin (a8) / sin ($8) 

of the pencil of lines and is represented by {oj3, ySj. 

In projective geometry, of the trigonometric functions the sine function 
only occurs ; hence, for brevity, we shall ixipresent sin (a^) by (a/3). 

Thus the cross-ratio of four lines incident in a point is 

(a-^ /(^y) 

(<.»)/ m' 

The cross-ratio of a p,iir of points «, b and a pair of linos y, 8 uo shall 
define as 

(«v) /ih)^ 

("«)/ W ’ 

and this is written {«6, yfij . 


34. 


Reduce {aa'bb'f yy dS'{. 

{aa'bb\ yy88'] = 

^(ay) («'y)-(«y')(«>) 

{a8){a'8')-{a8')(dS) 


(aa'yy^ J (]>]>' yy') 
(aa'88') ' (bb'fS'j 

/ (h) (^V) ” (h') <'^V) 

/ {b8)(b'8') '-(b8')(f/8) * 


Particular cases. 

When (ay) = 0, («'d)-0; (6y)=0, (6'S)=0. 

Then { aa' W , yy' 88' ] — {«6, y6} . {a'b'y y fi' j . 

Similarly if (tfy)=-0, («'8)=0; (8y)=0, (6'S')=0, 
then {aa'bb\ yy'88') ySJ • {a% y8'\. 

* This ratio and its usage are new, as far as I know 
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35. Q jg y} > ^ ^ triangles ; and aa', hh\ cd be represented 

by X, /i, V and aa', yy by »», shew that 

{fxVf aa "} . {»m, aa'} = 1. 

(fiv, «a'}={6Fcc', ky, Wy'} 

/ ( 6 / 3 ') ( 5 y) 

^micy) / -(^')(V/3') 

= | 6 ^’, }/{ 6 f', /S' y}. 

Similarly aa'j = {/3'y, hd)f{^y\ 6'c}. 

36. Shew that 

/ (^' y) ( 6 'a)-(a'd) ( 6 V) 

^ y,ad; ^ay)(bi/)-(M){by) ! (a'/) (6'8')-(a'«'y(iV) ' 

37. In Ex. 35 shew that 

(wia, aa'} . [/ii/, an'j . X, 

where {a6, cd].o denotes (oao6, ocod}. 

{mn,iia'}.l=\mny /a'?a'}={3/3'yy', la Vn) 

_ O 0 (/y«) 

(j8<0 W • (y/)Ty'<0 
= !^y, MW, ?«). 


Now 




(co') (aa) 
\(ca)\{aa) 


(yl)ss(^ahad) = 


(<^ ) ( 6 y) 
l(« 6 )l(aar 


(yV)=(cV7y„,o=--["“)['j';2r 


'/««««'' 7_(C«')fr'')-(*'a)(/3'«) ; (cV) (a6) 

' ’ ’’ ((yaXya) . (6a')(^a') ■ I (a'6') («»») ’ 


Hence 

which proves the itisult. 

38, In the two triangles j" > a'^y'f measure 

{bd b'c ca'da ah' a!b). 

We have ( 5c' 6'c ca' da aV a'b) (6c' 6'c) (ca’^a) 

^{bd ca' da) (6'c a6' a'6) — {bdab' a'b) (b'cea* da) 

**{(6c'a) (cr/a') (b'a'b) {cah') 

— (6a6') (c'a'6) {b'ca') {cda)}l\{bd) {ca') {a'b){b'c){da) (a'6)l 

- i(.^„ (« (V) («)-(»■,) (W) (V) W)) . 
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Corollary 1. If {bc*h'c ca! c' a ab'a'h)^0 then 

(c'y) m w) (w {cy') m, 

i»e. {be, fiy}. 

Similarly {ca, ’ya} = {c'a', ya}, 

{abf a/3'} = {a'6', a^}. 


Corollary 2. 


and 

Also 


Or if {6c, )3'y'} = {6V, ^y} then 
[ca, ya'} = {cV, ya}, 
(a6, a/3'}={a'6', a 3}. 

(bc'b'c ca! da afd a%) = 0. 


39. Investigate (bdb'c cada' aba!V), 

Expression ={bdb'c yy) 

= {b^)W^)^hti^dp) (6 y) (oyQ - (6V) (gy) 

1(6c')(6'c)T {by){dy)-W){dy) (6^ (c/3') - (6'^) (c/3) 
1 (6/3') (cW (6y)(oy') 

•”l(6c')(6'c)|(6y) (c'y) • (6'/3)(c/3') 

l(6c')(6V)l{6V, ^}* 

Corollary. From Exs. 3S and 39 if 

{bdVc ca' da aU a! b)=^0^ 
then ( hd b'c r,a da' ah a'b')^ 0. 


40. If ab, cd be two pairs of points and ju a variable i)oint, such that 

[a6, ccQ . a: is const., 

shew that the locus of u; is a conic. 

f , « (a’oc) / (jra<f) 

^ab,cd}.x-^^^l 

41. If ab, yb be a pair of points and a pair of lines : and a^, rd their 
rccijn’ocals in regard to a conic, shew that 

[a/3, cd\ = {ahy y6}. 


42. If be two triangles, self-conjugate in regard to a conic, 

a^yj a Py) 

show that the vertices lie on a conic, also that the sides touch a conic. 

We have to shew that 

a . [6c, b'd] =a ' . [6c, 6'c'}, 

or [/3y, 6V} = {6c, ^'y'}, 

which follows since the triangles are self-conjugate : similarly the sides touch a 
conic. 
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43. Shew that if the vertices of two triangles touch a conic, then the 
triangles are self-conjugate for a conic. 

Let r be a conic, for which self-conjugate and a\ a! pole and 

polar. Then the polar of 6' passes through a ' ; lot it meet a in c". 

Then f are self-conjugate for r, ahc, a'b'c" are on a conic, 

a^y ' J 

Hence c”=c\ 

44. If two triangles i*eciprocal one for the other, in 

regard to a conic, shew that the triangles are homological. 

{he, yV} = {ca, /3'yj, 

W) /(«A) 

{ha')/ (ca) (cy') / (ay)* 
{hy^){ca')(afi)r.m{ay’){ba!). 


45. Shew that (xafichex)^0 is the equation of a conic • deduce Pascal’s 
theorem. 

By reducing (.ra/3cde.r)*=0 we can prove the first part. 

It is evident that a, e are points of the conic. 

Next to find where /3 meets the cur\e. 

Let and p be on the curve. 

Then (papqchep)—0, 

. . (/?cdcf») = 0, since {a(i)=^0 
.*. (pce)(hp)^0, 
p=^8 or 

Hence a, e; fid; t^fiy are i>oints on the cona 
Let ffd=ly <je^=7ny arb=^7i 

Then ^—Im, h^ln, c^^ian. 

Hence if g be a point f)n the conic through a, e, U 
{galw Fman hieg)=Oy 

. . {galm hmaiTi lneg)=0, 
which is Pascal’s theorem *. 


46. Shew that 

(xdaai xb^kyhi ay ;)=0, 

where (ai3y) = 0, (aMi^hik)—0 denotes a general cubic curve, i.e. that it can be 
made to pass through nine arbitrary points t. 

The curve obviously passes through a, b, c, 

* See Whitehead’s Universal Algebra y p. 232. f Ibid. pp. 234, 237. 
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Consider the point fiy=ya^a^* It lies on the curve, for substituting this 
point for x we have 

{a^aaai afih^kybi a^c) 
a=(a^a| aykybi a(ic) 

= (a^ a{ ajS 6i c) = 0, 

Again, consider the point d^a. 

d^iab^kybi a^ae) 

= {d^ d^ab ^k ybi ajc)=0. 

Again, consider the point 

{nff\ liaaai dd[ ^b^kybi im\ ^ c) 

s= {iid{ adi ^kybi aa\ ^ c) 

= (art, /3 k y 6,) x sin (ddi udl 0 c) 

==(/ /^y Mx )> where 

s=0, silica {fb\k)=^ 0 . 

Hence the six iioints a, 6, c ; d, e,/lie on the curve, where 
d-a\cay e = a^=fiy~yii, f=dd{l^. 

Hence a — de, ^=ef. 

Also d = rtp) a — die de^ 

(rtiCCi?) = 0, 

and f^dla^ = dla^j 

(rtirt/) = 0, 

ai=afcd' 

Hence the cubic 

de af cd xb efkyb^ Jc) = 0 
passes through a, 6, c ; d, «, /. 

As regards 7, 6, , we have 

(y«)=0, (/6iX^“)==0 

Take three other points A, i. 
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Now let g\—y^aax ^^gade af cd "gc, 

hi^haaax he ^ hade af cd hc^ 
ix — iaaai ie^iade af cd iCy 
gt’-gb^ 
ki=K^ 

i2—tb^ =ib ef. 

Thus the six points gxy Ai, ii ; A2, I'a can be obtained by linear con- 

struction from the nine points 

a, 6, c ; d, Cy /; g. A, a. 

We proceed to choose k, y, 61 so that the following equations hold : 
{g^kybxgx) = Oy (A2Ay6iAi) = 0, (^2^yAl^l)=0, 
which are the conditions that g^ A, i should lie on the curve. 

If possible, determine y and k from 

(aiAiyK2)=0, 

without conditioning Ai. 

For this we must suppose i^y =a,, and (a, kt2)=0. 

Hence (yh)*=0. 

Hence since (ye) = 0 as well 

y= txe. 

y=ije and (/•iia2)=0 account for the first equation. 

The remaining two equations can be written 

(kg2ygibi)=0, (k/i2yhibx) = 0. 

Hence k is such that 

{^ 9 'iyg\ ^h^ykx ^)=0, also (^aV2) = 0. 

Hence k is one of the points in which 

111*2 intersects the curve (xf l^^ygi ^^yAi)=0. 

We consider this curve 

(xfxg^ygx xh^y 
Put x= yf , where ^ is any line. 

Then (yf / y| g^ y gi y$ Ag y A,) = (yf / y(gx ^ hi) = 0. 

Again, put x^^(. Now g^, A2,/lie on 

a/=^, ^ygx=^ygu ^-Agy Ai^^yAj. 

Hence j8, y are parts of the curve. 

Hence the remainder of the locus is another line. 
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To find this line we have 

xh^yhx)^0, 

(^* W^y9i ^1 y 

This is satisfied if 

i.e. {xfhi)=0, {xgiygihi)=‘0, 
i.e. {xfhi) — 0 and {higiyg 2 x)== 0 ^ 

i.e. higiyg^. 

Similarly another value is given by 


^=fg\ gxKyKi 

therefore the third line is 

h9\ y9'i Ph 9\hyhi fgi. 

Denote this, for brevity, by 

Then k is incident in I'l *2 and in ^ or y, or X. 

If we assume that k lies in the equation of the cubic becomes 
{Maai ^ybi .vc)=0, 

i.e. a conic and a line. 

Similarly if k lie.s in y, the cubic becomes 

(^a«i kbx .lc*)=:0, 

i.e. a conic and a line. 

The only possibility then is k lies m X. It will be shown that this assump- 
tion allows the cubic to be of the general type. We shall prove this by 
showing that the cubic passes through the nine arbitrarily assumed points. 

Hence let it be assumed that 

^=l|l2^- 

Accordingly with these assumptions the equations 

{9\b\ykg>^ — 0, {kihxykh^^Oy {ixbxckv^ = 0 
are satisfied and therefore g, /<, i lie on the curve. 

6i is the point of intersection of 

kf, kg^iygx, kh<iyhx, 
bx^kgiygxkf. 

Finally therefore it has been proved that the cubic curve 
{^aax xb^kybx ^) = 0 
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imsses through the nine arbitrarily chosen points ct, b^c f A, i pro- 
vided that a, jS, y^a^ihi^k are determined by the linear constructions 

^=e/, y==Mi, 

«,=«/ h^n^k^ygi 

where gi—gade afcd gc^ hx—hade afcd hc^ 

h^i-^hhefy 


ii — iade afcd ic^ 
ii=-ibef 

f*>\g\y g^ fhi g\h\yh^fg\^ 

This gives us the analogue of Pascal’s theorem for a cubic. This theorem 
and analysis are due to Qrassmann. 


47. In bi-radial co-oi*dinates, shew that L*iplace’s equation is 

where r— l(.m)|, >»=|(a’ 6 ) 1 , B—{xaxh\ 

a, b being the points of reference. 

Use the theorem on p. 77. 

48. Find the condition that y is a double ^)oint of the curve 

/{i(.ra)|, \{xb)\, l(.t'c)l ... (a-a), (a^), (a-y) ...}=«0, 
and that 17 is a double tangent of the curve 

(W, (i ^) ... (ea), (f/3), (fy) ...)=o. 

49. Let^’ l>e two triangles and s any iioint. Shew that 

a»PjyJ «»p»yJ 


{md sbff scy') { sag) jsh^) {stiy) _ ^ («♦ c) 

(sa'a sb'^ 8c'y) (so/ a) (sb'^) (sf'y) ) 

and prove the reciprocal theorem. 

On account of the comparative simplicity of the properties of the circle, 
and the testimony of Pure Geometry, we are warranted to try to include 
the circle as an clement. This is what is done in Euclid. There are three 
elements, points, lines, circles. The inclusion of the circle is theoretically 
quite simple and would be analogous to what we have done in regard to the 
point and line. Let us denote circles by Capital Greek letters, F, A, etc. 

As the radius of a circle is intrinsic to it, we shall express it in the 
notation. Thus F, F are circles with radius a, h, 

a b 

Now the position of a point in regard to a circle is completely given if we 
know, say, the distance of the point from its centre or the length of the 
tangent from the i)oint to the circle. Experience shews that this latter is 
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the 'most convenient to work with. We shall denote therefore the length of 
the tangent by 

(ar) or (ra). 

r r 

In regard to the measure of a line and circle we choose the measure 
of the centre of circle and line, divided by the radius. When the line cuts 
the circle this becomes the cosine of the angle between the line and circle. 
It is essential that the circle be given a sense, as in the case of a line. We 
shall suppose that the radius of a circle is positive when the sense is counter- 
clockwise and negative when clockwise. 

Our notation would be (a r) or (r a). 

r r 

We have . (d r) » (a r) = — (a r). 

f r r 

< 

When the line and circle intersect we shall use (a r) to denote the angle 

r 

between the line and circle. 

In regard to the measure of two circles of given radius, their mutual 
position is given by the distance of their centres. We shall however define 
the measure of two circles r, A by 

a b 

2ab (r A) * (c* r o’ A)2 - a* - 

a b a b 

where c’ T denotes the centre of r. 

a <!> 

The quantity on the right-hand side is usually called the power of the two 
circles 

When the circles cut (F A) is the cosine of the angle between the circles. 
a b 

The analogue of determinates of points and lines is a much more detailed 
matter. 

For a point and circle we have aF, the pairs of tangents from a to F. 

r r 

The determinate of a line and circle Fa is the pair of points of inter- 
section. 

When we come to the consideration of two circles we find we have more 
than one determinate which leads to considerable detail. We shall not go 
into this any further. The inclusion of the circle as a third element would 
mean a table of formulae over ten times as large as the table given. We give 
a few examples of this theory. 

60. The circle whose centre is o and radius r we shall write cir o, r : if a 
be a point on the circle, shew that the intercept on is 

2r cos (aoo). 

Let X be a point and line ; the locus of x such that {xl)^^2k(x\) is 
a circle. The circle we shall write cir X; If a be a point on the cir ^,X ; 
shew that the intercept on the line is 

2 \{al) I cos {cUia) — 2k sin (wX). 


T. G. 


7 
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51. ifCay^i Theorem, If a, 6 be two points on cir^, X; cir X; if 
respectively, and such that shew that the intercepts on ^ made 


by the two circles are 

We have {alY — 21? (aX) (i), 

(60«=2i&'(5X) (ii), 

{lalb) = ‘^ (iii). 

These are the conditions of the problem. 


Using the result of Ex. 50 we are required to shew that 
2 1 {at) I cos( a^o6) - 21? sin ( ah\) _ k 
2 1 {bl) I cos ( blba ) — 2it^sin ( 6aX) ’ 

i.e. — ^ 1 {la) {ah) \ cos {laab)- %k1d (a6X) + ^1(^6) (5a) | cos {lbba)=0,.. (A). 
Here X only occurs as a direction. Hence from (i) and (ii) we got 
lif{alf^k{bl)^^^kk'{ah\). 

This reduces the l.h.8. of (A) to 

hf {(^a)H (a5)2 - {blf\ - 21?' {alf + 2k {bl)^-\‘k {{alf - {Ibf ~ {baf) which is =0, 
since {(d)^-if{blf^{ahf. 


52. If a, 5, r be two points and a circle, shew that 

r 


< 

sin^ {abT) 

r 


(or)*+(Ar)«+(o6)‘-2 (6r)''* {abf - 2 (a6)» (or)®- 2 (or)® (6r)« 

r r r r r t 

4 {ahy^ r'^ 


53. If a be a point on the circle cir r, that is, the circle {xl)^ = k^ {x r)*, 

shew that the intercept on a« is ^ 

j^j|||(o/)|oo8(^<i.)-j ^ (ar)® + r®sin®(ai^r)|J. 


54. Hence prove M’Cay’s theorem of Ex. 51. 

55. Shew that 

sin5«(a|3)(^r)*«r2 {1 - cos* (a/3) - cos* (ar)-co8*Or) 


+2 cos (a/3) cos (aT) cos (/ST)}. 


56. Shew that 


2 (/3yd) sin (ae) == (a/3y) sin (de). 


57. Let be two triangles : if X,, ui, vj be lines through 

o>P»y^ “»p»yJ 

a, by c making angle $ with a', /y, y' and X 2 , /i 2 » *^2 lines through a', 5', 0 ' 
making angle — d with a, y, then 

(^i/*i»^i) ^ ^ («> 5, c ) 

(^ 2/*2 *'*) ^ ® ) 
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If the lines Xi, fn, vi and therefore X 2 , ^2 are concun*ent for the values 0 

and J of By shew that they are ooncurrent for any value of B, 

68. Directly similar figures: DefinUwn. Directly similar figures are such 
that corresponding angles are equal 

If ay a* be two corresponding points, shew that a! may be expressed in the 
form 

® fci(oa)l* 

o is called the pole, k the scale of similarity and B the angle of displacement. 

59. Inversely similar figures: Definition, Inversely similar figures are 
such that corresponding angles are equal in magnitude but opposite in sign. 

If a, a! are two corresponding points, show that a' may be expressed as 

o is called the pole, Ow the axis and k the scale of transformation. 

60. Shew that 

hab^ I? sin2 (d - </>) = {laf sin* 6 + {Ihy sin* <#> 

- 2 I {la) {Ih) I sin B sin cos {{lalh)^B — (f>}, 

61. If two triangles be inversely similar, shew that they are such that 
lines through the vertices of one making a constant angle with the sides of 
the other, are concurrent : and conversely. 

62. If two figures are directly similar ; and the angle of displacement be 
a right angle • shew that lines through the vertices of one parallel to the 
sides of the other are concurrent. 


63. Iftwopair8oftria«gle«“'^>‘’>|, “***"*}; 

aiPiyiJ a2P2y2) oaPaysl a4P4?4l 
inversely similar and have a common axis of similitude, shew that if the 
triangles, suffix I and 4, are such that lines through one making an angle B 
with the sides of the other are concurrent, then the triangles, suffix 2 and 3, 
are such that the lines through the vertices of one making an angle B with the 
sides of the other are also concurrent. 


64. A circle touches three consecutive positions of a moving circle : find 
its centre and radius. 

If the moving circle be cir o, r and the touching circle cir a, p then 

|(oa)l«±(r-p), 

and this can be differentiated twice with a fixed and p constant. 


7—2 
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66. Find log (|<»), r = 1, 2, 3, 4. 


d , ... {y(a) 

^log(f*)=\^, 




(^y log (fa). 

\di) (fa)> 

(4Y log (fa)-[(p"f + 6p() (fa)»- 4p'f (fa)» (vfa) 

+ 12pf(vfa)*{fa)-3(pf)»(fa)» 

- 2 (jofa)® {(fa)* +3 (vfa)*}]/(fa)^. 

66. Two points a, b move on two lines Ca , cp in such a manner that | (ctb) j 
is constant. Shew that, if ^ be the intersection of afc^ith its consecutive 
position, q and the foot of the perpendicular from c on ab are isotomic con- 
jugates in regard to a, b. \Tha Prindpia^ 

We have to shew that 

{yaba)^{Ta rb b^^)y 

when I (a6) Inconstant. 


Now 


I l(«fc) l {r<a)da 

^’’^°'>-(rab)da+{Tba)ca> 

\(<J>)\(,Tab){pba) 


since {pab) da + {vba) db = 0, 


” (rab) (vba) — (rba) (uab) ’ 


(rab) sin {rbabn) 

^ 

sin (rarb) 

— (rarbb^J). 

5 

67. Shew that the conic which has three-point contact with a curve at 
the point a and has a focus at 8 has the equation 

2 1 (a;* ) (a*) I - (a»)» - {txY + {axY = 2pa {xra). 

68. By means of £x. 67 or otherwise find an equation of the locus of the 
foci of conics having four-point contact at a point of a curve. 


69. Shew that 

KfaXfi) <<{= J (of) {(fa) (f6)+(vfa) (vf6)} 

-i {(€<») (-{ft) +«*)(«'«<»)} 

+ (<>«) 0>«-p''«+p'’<— 0 

+(i+i)p'«-(2+i)p"'<+(3+i)p"{-...} 

+ {(»i«)+(vf6)} { - i (oi) (p'f-p"'f+p''f - ...) 
- |pf +(1 + i)p"« - (2+1) P'’<+ 
where a is an arbitrary line. 
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The infinite series occurring are supposed convergent and differentiable. 
Assume J(fa) (f6) rff (fa) (f6) +/2 (I'fa) (v(b) 

+ /3{(fa)(vf6)+(f6)(i;fa)} 

-»-/4{(f«) + (f6)}+/6{(vf«)+(*'f6)}, 
where the Fs are intrinsic functions of the curve and differentiate. 

70. Prove generally 

(fft)...(vfa), (,.f6)...8in(fa),sin (f3) ... ft (f ), /2(f). ..}cff 
= ^l(««), ... (vf6) ...8in(fa), sin(f/3) ... A(f), /^(f) 

where P denotes a polynomial, and the Fs denote intrinsic functions. 

71. In the cubic 

(.va^cbxbi = 0, 

find where d, Si ; ca, Ciai cut the curve and shew that ^ cuts the curve in 
the points where it cuts the conic (^cdiCi/9iai.r)=0. 

To find where S cuts the curve, put Sf, then (fSai3cSfdSiCi3iaiSf)=0. 

fS a/3c8 = fS...(i) or (SSiCi^iafS)“0...(ii). 

(CSa/3cfS)=-0, 
fS=/38 or cab. 

From (ii) fS^SSjCi^iaS. 

Hence the three points of intersection are 

/38, cad, MjCijSjaS. 

To find where ca cuts the curve, put a?= caf . And we find in a similar 
manner that the points of intersection are 

a, ^d, cadjCi/Siai ca, 

72. In the cubic (rra/3cdc^ ^cr)=0, 

shew that a, r, /ia, ^ lie on the curve. And find the third points in 
which alj Ir^ JiarfJiaa out the curve. 

73. Notation, We shall denote by a* the line parallel to a and such 
that the measure oT any point on a* and a is k. 

It is easy to shew that (afcd)-«(a6) - k\ 
and evidently (ajfc^)a=(a^) 1 ’ 


Hence 
From (i) 
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74. Let a^hyC\ a, jS, y be three points and three lines. If * j- be a 

triangle such that the points are incident in a, i3, y and the lines in a, 6, c : 
shev^ how to hnd (orX) where X is any line. 

We have {xa) ■■ (y3) -■ {zy) = 0, 

iyza) — (arft) = {xyc) = 0, 

we are required to find (:rX). 

We may put x^ X^a, if we suppose 
Hence y =5c^=sXi a 

Z=xhy=\jta by. 

Hence (Xj^ac/S X^afty a) = 0. 

From which it is easy to shew that 

(yaXife) (cftaXfc) (ojS) + (ocaX*) 08y6aXfc)=O, 

.*. {(yaX) — k sin (ya)} {(cftoX) — A (c6q)} (ujS) 

+ {(ocoX) — k (cbca)} (OyiaX) - k (jSyfta)} — 0, 
(yaX)(c6aX)(/3a) + (acaX)(/3y6aX) 

- k [(yaX) {cha) (a/3) + sin (ya) (c6aX) (o/S) 

+ (oooX) + (oca) (/3y6oX)] 

[sin (ya) (cba) (a3)+(aca) (/3y6a)]«0. 

76. If in Ex. 74 

{^ho) = (ya ca) =5 (a/8 a6)=0, 

shew that one solution for x^ z is 6ca, cafi, aby and find the other 
solution. 

Also consider the case in which 

(a6c)=(a^y)-*0. 


76. If a(fa9nk{)=h{/(gph()=c{/tg,,Ay)=(ftffvh(), 

shew that satisfies a cubic in measures of /, A, a, /3, y and a, 6, c. 

77. Shew that for a cubic curve if be two triangles 

a, yj ' o, y'j 

such that their vertices and the intersections of corresponding sides lie on 
the cubic, then 

(a'^'y)=^ (a^y) = w (a'^y)* w- (o^'y)» 

and hence shew that the cubic is not restricted by such a condition. 

Hence shew that the cubic 

(J^a ^/8 xey)^0 

is a general cubic*. 

* Due to Grassmann. 
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78. Find the equation of a circle, the meaeuros of which in regard to the 
three points a, 6, c ai*e <a, ^6, t,. * . 

Let ^ be points on the circle. Let be the tangent at 
Then where p is the radius. 

It IS easy to shew that 

(i>‘‘=(.byy-ip{bT2f), 

If we eliminate ry we tind the equation of the circle. 

Now from «, 6, c, y, we have 

S(Tya)(bey)=0, 

S {<a*-(ay)’}(%)=0, 

. * . (abc) -h 2 (6cy) = 0, 

where t is the measure of ^ in regard to the circumcircle of a, b, c. 

If we denote by cir a, 6, c the circumcircle of a, 6, c the equation of a circle 
r may be written in the form 

(a; cir a, 6, c (abc) + 2 (aP)® (bcof) *0. 

a. &, e 


79. Find the radiiis of a circle r when (Pa), (Pj8), (Py) are given. 

We have (oa) — r cos (Pa), 

and two other equations. 

. • . r2 sin (^y) cos (Pa) = (o/3y). 

80. Transform cir X ; Ir to the form cir o, r. 

cir is equivalent to cir -fc> v^F+2/fe(^X). 


81. If we denote by ra PiPg the radical axis of the circles Pi, r 2 , shew 
that 

Kracir o,, r, cir Og, r.j a?)|= o7^^~ ^ • 


82. If a circle touch two circles, shew that the perpendicular from its 
centre on the radical axis of the two circles is proportional to its radius. 

Let the touching circle be cir o, r and the other circles be cir <?i, r\ and 


cir 02 , r 2 . 
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83. Find the condition for a double point at the point h of the curve 

/{|(^ai)l» |(^)|.-(^ai), (a7a2)...} = 0. 

84. Find the condition for a double tangent at the line X of the curve 

(fa2)...}=0. 

86. Find the tangent and radius of curvature of the curve given by 
0 {|(^«l)l» l(A'a 2 )|...(^ai), (araa)... ^}= 0 , 

^ {|(^ai)l» l(^«2)l — (^«2) ... t} =0, 

where ^ is a variable parameter. 

86. Defining {ciiCi^tixCL^a ^ ... <in— i^) 

|(aia2)| sin (a|a2a) \{(i\0>2^\^^\ sin(a|a2UiCtsfl2) •.. ... 

shew that 

(ajai) (aia2) (aioa) (^inu-i) («iOn) 

(«2«l) («2«2) («2“3) ... («20n--l) («2an) 

(a,a8a,a,aj...a„_,a,)= ” (<*303) - («3a«-,) 

0 0 0 («na») 

87. Shew that 

(ai 02 a3<X2a4 . . . a„ _ j _ 20n) 

(ai<*2) ('ai« 3 ) ... («!<*» -2) sin (oio^) 

(a2ai) (a2a2) (a 2 a 3 ) «.• (a2an-2) sin (o2a„) 

0 {a^o^i) (0303) ... (a3a„_2) sin(a3ci„) 

0 0 0 ...(an-ian-2)sin(a„_ia„) 


88. Let be a triangle, 

a, P, r J 


A circle cuts the sides o, <3, y in the points 


«i, 02; 61, 62; Cu ^2 respectively, such that 62^1, are parallel to given 
directions. Shew that the locus of the centre of such circles is a straight 
line. 


89. Find pXu- 

We have (p^«a) = {xa) - sin (o>a) sin {rxw) . 

UQ> 

Hence differentiating 

— sin (®a) pXu =® — sin (rara) ^ + cos (coa) sin {rxta) ^ 


sin (o>a) cos {txko) ^ — px 


— sin (fi>a) sin {rx<o) 
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« - COS (rjpa) sin (o>a) ^ - sin (aa) cos (ra;<o) 


— sin (aa) sin . 


Hence 


p^„=cos (r^«) {2 +si„ . 


90. When x has the general displacement, shew that 
pa7« as 2 2 cos (Tra?fi)) *- 2 PfX COS (ryA’w) + 2 sin {xrXta) . 


91. pq is the chord of a continuous curve cutting off an arc of constant 
length ; the tangents at p, q meet in ty the bisector of the lines piy qt meets pq 
in r; if / be the isotomic conjugate of r in regard to p, prove that / is the 
intersection of pq with its consecutive position. 


92. If X and y be points such that xy^rx, then 

d I {xy) I = rfA* - cos (rxry) dy. 

If j?! , ^2 be the points of contact of two tangents from 3/ to a curve, then 
dtr = dxx — dx<i — {cos (rXi ry) — cos {rx^ry)) dyy ' 

where <r is the sum of the lengths of the two tangents from y t(> the curve. 

Lot us consider an ellipse. 

If we suppose dtr^dxx - dx^y then 

cos {rXiry ) = cos {rX 2 ry)y 

(T^i^)+(r4?2^y)=0. 

Now if we use the theorem that the tangents from a point to an ellipse are 
isogonal conjugates in regard to the joins of the point with the foci, wo have 
{ryy9i)-\-{Ty^2)=^- 

Hence by integrating, the locus of y is a confocal ellipse. 

The integration of d<r = dxi^dx 2 is that the sum of the lengths of the 
tangents exceeds the length of the intercepted arc by a constant quantity. 

This is Orave's Theoremy viz., that the sum of the lengths of the tangents 
from a point on an ellipse to a confocal ellipse exceeds the length of the 
intercepted arc by a constant quantity. 

d^k 

93. Shew that pX* = pX - ^ . 

94. Shew that 
drx^ ti {dx^ . 

= {dx)^ drx + drxdx 2 {p cos (rxp) — pdp sin (rxp)} 

— d^x 2 {pdp cos (rxp) + dp sin (rxp)} 

+ dv 2%os (rxp) (2dp dp + P<Pp) + sin (rxp) (d^p - P (dp)^l 
+2{-d^ppdp+2 (dp)^ dp+poPpdp+p^dp (dp)^} 

+ 2 cos (per) ( — (dP po" dor + d^ vpdp) + (dp + dd) {^dpdv + ^ dp dtr) 

^ -\-(pd^pd<r-\‘a‘dP(rdp)} 

+ 2 {(dpdJ^v — d^pda) + 2dpd<r (pda- — adp) + p^ (dpda — (Ppda) 

+ (fid» -»dp (d<r)*)}. 
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95. Shew that 


^ a 2 0 sin (p«) + cos (txo)) ^2 - ^ 

+rin(r^«)g+ 2sin0>«){^,-/)(l-^y} 

+ Sco8(p«) |2 ^ -p . 


96. Shew that <*)* 


(oa)*-(o6)a 
’ -2l(a6)| • 


97. Shew that 


is a line, when 
and find 


2 Ar {xarY + 22^r (^•^r) + <5^=0 

r r 

2 A,.=0, 

r 

(2 A,, (dia,.)* +2 2^,. {x^r) + C— 0 d) 

r r 

2 A,=0. 


Subtract {xc)^ 2 from the equation, where c is an arbitrary point, and 

r 

we have 

2 A {(xar )^ — +22 5 ,. 0 , 

r r 

- 22 ^, 1 ( 0 . 0 ) 1 (^ 1 — ;r) + 22 J?.(^:^.) + (?.^ 0 , 

1 ? 

from Ez. 96 which is a line. 

Hence (2 .4, (a7a,.)* + 225r (^i8r) + C'=0 <f) 

#• r 

— 22 A, l(arC)| “^^0 + 2 2 Br (o?/3r)+ 


2 A,, (dary +2 2 5 , (.« 7 / 3 r) + C' 


where 0-^=2 A, ^ (a,^)* +2 5,^+2 2 ArA^\{ayC)(afi)\co^{a^afC) 

r r¥s 

+ 2 2 BrB^COS {fir ^$) 

r+« 

+2 2 ArBg I {ar€)\ sin {fi^ 

r, 8 

*=2 il,. 2 (a,.c) 2+2 5,*+2 2 ArA^\{arC) {afi)\<iOH{a^a^) 
r r#=« 

+ 2 2 BrBtOOQ{firfi,) 

-2 2 ArB,{a^fi,) 
r,8 

*= - 2 A,.A,(a,.a,)2+25,.a+2 2 BrB^coaifirfi,) 

r*N r r+f 

-22 ^,5,(0, A). 
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Hence (S^,.(a?a^)^+2 2J5,.(a?i8r) + C=0 d) 

2 Ar (rfar)^ + 2 2 Wr) + O 


2n^- 2 ^^A,(ara.)* + 25,^+2 2 5^iJ,cos (i3,A)-2 2 i4,5,(ar/3«) * 

H>« ♦*.* 

98. Shew that, when 2 

T 

sin (2 y {xa ^^ +2 2^,. (^^r) + C'as 0 fi) 

r r 

- 2 .4,. + 2 i?r sin {5^,.) 

— ^ y 

V- 2 (a,.a.)2 + 2 iB,.2 + 2 2 i?,.^,C()8 - 2 2 (a,^.) * 

r, « r /^=s r, « 

99. Shew that the normal at a point of a Cartesian oval passes through 
the symmedian point of the triangle whose vertices are the point and the foci. 

100. Find the area of a segment of the curve whose curvature varies as 
the cube of the sine of the gradient of the tangent. 

We have pf cosec^ (fa), 

••• 

Integrating a j <i|= J (xa)* sin(Tira) dx, ar=p{, 

- 2 segpl- (p|o)»oot (|a)= (aro)!'= - ^(pfo)’- 

seg pi=^(piay - ^ (pfa)* cot (^o). 

101. Shew that 

J (xa) dx « lin x {xa) + A sin (jxa) + ^ cos {rxa), 
where A, B are intrinsic functions. 

102. Shew that 

/ (xa)^ dx — lin x {xa)^ + A (rxa) + B {vxa) + (7, 
where A^ByC are intrinsic functions. 


103. Shew that 

j{xa) {x^) dx^linx (xa) {x^) + (.va) {A sin {tx^)-{‘B cos (rj?^)} 
+ (x^) {O sin (rxa) + D cos (ra?a)} 

4-^ sin (rxa) sin (Ta?y3)+^sin (rxa) cos (rx^) 

4- O cos (rxa) sin (r;p^)4-^cos (rXa) cos (tx^)^ 
where A H are intrinsic functions. 


104. Indicate the general form of the integral of a polynomial function of 

(xay, (xhf ... (xa)^ (x^) .... 

105. Indicate the general form of the nth differential of a polynomial 
function of 

(i) (xay, (,xb)»...{xa), (xff)..., 

(ii) ({«). (it) • . • sin (fa), sin (f^) .... 

106. Shew how to find the family of rhumb lines of the family of curves 

(i) f{\(xa)\y ... (xa\ (x^) ...}— variable parameter, 

(ii) ^{(ja), ((b), ... (fa), ((/3), variable parameter. 
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To reduce cos {head). 

We have 

I {he) {ad) I cos {head) — | {ad ) | ( hcadn) 

"2 

= I {ad) I {{badir) - {c^n)) 

= I {ad)\ {{haad„) - {caadn)} 

. 2 2 

= I {ha) {ad) | cos ( haad) — | (ca) {ad) | cos ( caad) 

Hence 2 1 {he) {ad ) | cos {hcad)^{acf + {hd)^ - {ahf - {cdf. 

To reduce sin {he^). 

1 {he) {ad) \ mi {he ad) ^ {had) - {cad) = {dhc ) -? {abc). 

To reduce {^yB)K 

sin* (a/3) sin* (yd) (qi^)* 

-(ayd)* + (/3yd)* - 2 (ayd) (/3yd) cos (a/3) 

s*(ya^)* +(da^)* - 2 (ya/3) (da^) COS (yd). 

We shall make another classification of measures. 

Measures belong to one of the following three classes : 

(i) measures of two ix>mts, 

(ii) measures of a point and a line, 

(iii) measures of two lines. 

We shall refer to them as the first, second and third classes respectively. 

We have seen that the square of any measure of the first class formed 
from four elements, any measure of the second class formed from four 
elements, the sine and cosine of any measure of the third class formed from 
four elements is reducible to the quotient of two polynomials in the moduli of 
measures of two points, in the measures of a point and a line, in measures of 
three points, in measures of three lines, in sines and cosines of measures 
of two lines, in cosines of measures of two points and a line. 

Hence the same is true for measures of five elements : and so on. 
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We have then that the square of any measure of the first class, any 
measure of the second class, the sine and cosine of any measure of the third 
class is reducible to the quotient of two polynomials in 

(1) moduli of measures of two points, Ex. | {ab) |, 

(2) measures of a point and a line. Ex. (a^), 

(3) sines of measures of two lines. Ex. sin (a/S), 

(4) cosines of measures of two lines. Ex. cos (a/3), 

(6) measures of three points, Ex. (afec), 

(6) measures of three lines, Ex. (a^y), 

(7) cosines of measures of two points and a line, Ex. cos (aby)*. 

It is often advisable so to reduce any measure, and afterwards reduce 
cases (6), (7) in surd form, and (6) by the use of a point. 

An alternative manner of reducing cases (6), (7) without radicals by 
multiplying by the sine of two simple lines is given in the Appendix. 

* When 7 is a direction, both 8in(ab7) and cos (aby) may be taken as 
irreducible. 
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Reduction of PRODucrrs of Measures 

We give four examples of reductions of products of measures 
which possess the property of being reducible without radicals, 
notwithstanding that the reduction of one or more of the com- 
ponent measures contains a radical. This is due to the elimin- 
ants existing between the elements. 

The examples are 

(1) {ahc) sin (ay9), 

(2) (a6c) cos 0 1 (®y) |, 

(3) |(a!y)|co8(^2;)8in(\/i), 

(4) (a&c)(oy37). 

(1) Though the reduction of (ahc) contains the radical, the 
product (abc) sin (aff) is expressible without radicals. 

The reduction may be effected as follows : 

We have 

(a^bc) = (oa) sin (l3bc) + (cm) sin (bctt)+ (abc ) sin (a/3), 

(abc) sin (aff) = (affbc) + (aa) (bc^) - («/8) (bca) 

= (aa) (afi) 1 . 

(ba) (6/3) 1 

(ca) (c/3) 1 

(2) Here the reductions of both the component measures 
contain radicals. The product may be reduced as follows : 

(o6c) 008(^5’) i(‘^)l 

= (a6c)8in (?^^|(ay)| 

= (a?) («Sy,) 1 
(6?) (6^.) 1 
: (c?) (c^j) 1 


\(ayy)\ by (1/ 
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= S (a?) l(6c) {ayy)\ cos (6c^) 

= i2 (aO [{hyY + {cxf - {hyf - (ca?)*} 

= J «) {ayy-{axy 1 . 

(fc?) (byy-(bxy 1 

(c?) (cyy-(cxy 1 

(3) Though the reduction of cos(iyS’) involves radicals, 

cos (X/Lt) may be reduced without radicals. 

From the four lines /a, f we have 
sin (/a^) cos (Xf) + sin (^X) cos (/Ltf) + cos (^f) sin (X/a) = 0, 
i(«y)l <508 (^?) sin (X/a) = [{xy) - (y/A)} cos (Xf) 
-{(a?X)-(yX)} cos (/A?). 

(4) The product (ahc){oL^^y) may be reduced without radicals 

as follows : 

(ahc) (pL^i) = 2 sin (a^){oi^r^) {ahc) 
y 

as 2 sin(a/0) 2 —{a^hc){a/^) 

a, p, y a, bt C 

= 2 (ay)(a/3bc) 

n, b,e 

®. Ay 

= 2 (a7){(«6)(/3c)-(ac)0);. 

a^bfC 

Hence (tt6c) (affy) = (aa) (a/8) (ay) . 

(ba) m (by) 

(ca) (c/8) (cy) 

Referring to the result on p. 109 and using (1) and (3), it is 
easy to see that the square of any measure of the tiist class, any 
measure of the second class, the sine and cosine of any measure of 
the third class is reducible to the quotient of two polynomials in 

(1) the moduli of measures of two points, 

(2) measures of a point and a line, 

(3) sines of measures of two lines, 

(4) cosines of measures of two lines. 
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Examples: 

1. Shew that sin (head) is reducible rationally by multiplying by sin (X/a). 

2. Beduce (ahyd)^ by means of the reduction of (afic)'^. 

We have (ahyd)^^(ahf ( ah yd)^ 

= (ahy {( ahd)^‘\-(yd)'^ - 2 (yd) (ahd) cos (ahy)) 

=^abd)^ + (ab)^ (yd )^ - 2 (yd) | (ah) \(ahd) cos (ahy) 

— (yd) (ay) (ahy 1 from (2). 

(hy) -(ahy 1 

(dy) (dhy-(day 1 

By using the eliminant of three points and a line we get our former 
reduction. 
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FINITE GEOMETRY 
CHAPTER I. 

(ba)= -(ab) (1). 

(fia) = (a^) (2). 

(M== -(a^) (3). 

(a3)=-(«/3) (4). 

(afi) — (a^) + «■ (r*). 

ba^ab (6). 

^a — a^ (7). 

( 8 )- 

\(a^)\=-\iap^^a)] (9). 

(a,/S) = (a^)-^ (10). 

sill (/3a)= -8in(ai8) (H)* 

.sill (d/3)= - sm (a^) (12). 

cos (a/y) — sin (l^)* 

cos (/3a) = cos (a/3) (14). 

cos (5/3)= —cos (a/3) (15). 

sill 1 = 1 (16). 

aby =a if (ay) — 0 (17). 

a/8c —a or a if (ac) = 0 (18). 

{ahc)=\iah) \ (abc) (19). 

4 (aic)2- 2 (ca)2 (a6)2+2 (afe)‘-« (Jbc)^ -{-2 {hc)'^ {caf - (ftc)^ - (ca)^ - (a6;^. ..(20). 

{abc) = (6ca) = (cafe) = — (acb) = — {cba) ■= - (act) (21 ). 

{aby ) s I (a5) | sin {aby) (22). 

{aby) = {ay)-{by) (23). 

T. o. 8 
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(fl/3c) = sin (a/8) I (a/3c) I (24). 

(a/9c)‘-* = ( a^c)'^ sin* (n/3) == (acY + (/Jfcf)'-* - 2 (ac) (^c) cos (26). 

(u/3y) = sill (a/8) ( ajSy) (26). 

(rt/ay) = sin (/3y) (t/a) +siii (ya) (fl?/8) + sin (ajS^) («/y) (27). 

(rt^y) = (/3y«) = (yafi) - (^ay) = - (y^a) = - (ay/a) (28). 

2 I (a6) (cd ) I cos ( tf6 (a^ 2 ( 6 ^) 2 _ (^)2 _ (29). 

\{ab) (cfl?)| sin {abcd)^{acd) - {bed) — {dab) - {cab) (30). 

{abyd) = | {ah) | sin ( «6 y) | ( a6 y (2) | (31). 

{abyd)^ = {bd)'^{ayY-{-{ad)'^ (6y)*+(ay) if>y) {(^''^)^- - {^dy^\ ...(32). 

{abyh) = I {ah) \ sin (yS) {ahyh) (33). 

{abyh) = {ay) {hb) - (ab) {by) (34). 

{alScd) s (ctjQc) (a^cd) (36). 

{a^cd) = {cda^) (36). 

{atic) sin {'^cb) = (ac) sin {^b) - {fie) sin (aS) (37). 

(o^c) cos {a^cb) — {ac) cos (/38) - (/ac ) cos (aS) (38). 

sin2 {afi) sin^ {y8) ( ajSy6)‘‘^=s(a/3y)2 + (a/y6)‘-* - 2 (a/ay) (a/aS) cos (yS) 

= (yaa)-^ + (yd^)2-2 (y6a)(yd/3)cos(a/a) ...(39). 

If a, 6, 6* be three points on a line, then 

{be) + {ca) -h {ab ) =0 (40). 

If //, 6, c, <2 be four points on a line, and ab — cd^ tlien {ah)f(rd) is positive 

. . . (41). 

(^y) 4- (ya) + (rt/a) = 2w7r, m an integer (42). 


sin (^ + 0)=.sin 6 cos 0+ sin cos 6 I 

cos (^ -f- (jb) = cos $ cos 0 — sill ^ SI n 0 / ^ 

0 1 1 1 I 

1 0 (aby‘ (aef {ad)'‘ ' 

1 (Imf 0 {boy {bit)^ , = 0 (44). 

1 (ray (oby 0 

! 1 (da)'‘ (clhy (cky 0 

(asy (boy + (b»y {cay+{ciiy (aby 

— 2 I {ca) {ab) \ c< is {raab ) {bb) (c'6) - 2 | {ab) {be) j cos {abbe) {cb) {ab) 


- 2 I (6c) {ca)\ cos {bcca) {ab) {bb)^{abc)‘‘^ (46). 

(a6)2 8in2 (y6)= {{by) - {ay)]^+{{bb) - {ab)}^ 

- 2 {(6y) - (ay)} {{bb)-{ab)} cos (y8) (46). 

CHAPITER IT. 

{a^ J})'^ r= (a6)2 - 2 | {ab) | 2 ^ cos ( aJbp) + 2 + 2 2 p a cos {pa) . . .(47). 

{a^ . ,6,a) = (a/3)-2^sin(p/3) (48). 

(ttp# <i«6)= -(a6a)) + 2p8in (pa>) (49). 

(a#fc^...^/3) = (®/3) (60). 
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HI n (2a^ Cvfij.) + « = 0 /3) = 


CHAPTER HI. 

2 ay ain (ar/3) 


f l>^Sn[^^ + 2S a^aj, cos (a,.a*) j 

cos (2 (.var) -{-a = 0 ft) — — - . - 

m I \^2 + 2^ a jOg cos (a^ aj | 

/ / N ^ jv :^ar(ha^)+a 

{Sar{.Vaj) + Cf = 0 h)— — _ :_- 

?« V 2 Or^ + 2 2 Ug cos (a^ «(,) I 

We sup])Ose 2^/, (.rrt,) + ^^"0 to have a specified sense, and wi is +1 
(2 A, ($ar) + ^ /irCOfi{$ft,) = 0 C)2(2yl,)2 

= 2 Ai'^ (a f e)*-* + 2 2 A, A g \ {a ^c) {a^c ) | cos {(^caj‘) 

IMPS 

+ 2 2 J ,. /?« {caM + 2 B,? + 2 2;?,/?, cos O,./?,) 

(2 J,.(^rt,.) + 2 ^,.cos f^/ 3,)=0 y)( 2 d,) = 2 J, ('ya,) + 2 /?, 008(7/5?,). 

When 2 .'lr= 0 , 

tan (2 A , ) + 2 cos (^/9,.) = 0 y) 

_2X , (ay y) + 2 /i^cos 0,.y) 

“2d, (a,y„)-2/?,.sin(/5i,y) 


.(51). 

.(52). 

.(53). 
or - 1 . 


.(54). 

.(55). 


(56). 


DIFFERENTIAL GEOMETRY 

CHAPTER TV. 


(J , (./'^) I = — cos {rxxy) c/.r — cos (r?/i/j') dy. 

= 

r/ (,/ r/) = — sm (T.rrj) r/ r + ( vi/rj) dq . . . . 

d{^q) = dq~ d^ 


,.(57) 

.(58). 

.(59). 

(60) 


CHAPTER V. 

(.r?/)’-^ dxy = (?/r.r) dx + {xry) dif (61). 

«'»■' (1^) (dt,f + -l(pir,) {pr,^) cos (^ij) 

From (Chapter VJIT 

{’«7/Y {p^y^) =" ) (.y«) '• 

Hirr-^(^>y) {r^qa) d^q ^{p^rf){qa)d^ + {pq^) {$(^)dq (64). 

CHAPTER VT. 

{dvf^ < 6 )‘^ = {dry^ + 2 {dfiy^ + 2 ^dp^ 

+ 2 </.r 2 dp cos (r.rp) - 2dx 'S.pdp sin {rxp) 


+ 2 dp^'^'S, p^dp^ — 2 2 {dp a-dcr - da-pdp) sin (ptr) 


+ 2 2 (</p da-A‘P^dpd<r)coii(p(r) (65). 

d.vpi <i>u=d(o (66). 
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CHAPTER VII. 

d {Lar (j?ay) + a=0}=s{S — a.iia^) sin (aya*) + 2ay2 dor 

+ 2 a^asCOs(ara«)(<^r+<^a«)}-i-{2ar^ + 2Saf.a«coB(araf)} (67). 

r4s» 

Hence (€fo)*.(2A^)* 

r 

=»2 {dAr)^ { 2 A *2 (a^a*)*+2 2 |(a^a*) (a^a*)! cos (a;:^a;:^) 

r h h¥k 

+ 2 2 Ajk 5jf (axar^jc) + 2 + 2 2 cos O*^*-)} 

h,1e h h^k 

+ 2 dA^dA^ { — (tf^a,)* (2A 2 Aj^ 

r=¥s h h 

+ 2 Ai^Atc\ {a^aj^ | cos {araj^a^aje) 

fv^ 

+ 2 2 AJ^B1c{aJ^ar^Jc) ■\-2 2^fc2 + 4 2 jS^^jfcCos 

h,k h h^k 

+ 2 Afc 2 (a^«A)*+ 2 Afc A* |(a*«A)(«.a*) I cos (a,a,^a^aj,) 
h 

+ 2 2 A A 5* (aA «*^a)} 

A. A; 

+ 2 2 Aa . 2 dA^Af^daft {2 Aa (^/a«» sin O a *^«*)} 
h r, A h h 

- 2 2 Aa . 2 {2 Aa («A«r^*) + 2 ^a cos {(iM) 

h r.s h h 

- 2 2 Aa . 2 dA, B»d^^ {2 Af^ia^a^v ^,) - 2 Bj, sin Oa/3«)} 

h r,s h h 

+ (S^*)*[S(</5,)* + S fl,»(rf/3,)2+2 2 A .A.cnnira.ra,) dUrfla, 
hr r r+» 

+ 22 dBrdB, cos (/3,A) + 2 2 B,dBrd^, cos (/3,/3,) 

r+. r+. 

- 22 ArdOrdB^am (ra^fig)— 2 ArdarBgd^r^^>^ 

r, » y, # 

- 2 2 dBrBgd^gHm i^rfin)] (68). 

r, B 


CHARTER VTTT. 


. . 1 d{xaf 

<■'•”‘>“2 -k- 

(69). 

(r.r-«) = (..„)^^ 

(70). 

sin («•„)= 

(71). 

, . d (xa) 

cos (v.ra)= - 

(72). 

(;>fa)i>-(fa)*+[^)J .... 

(73). 

Cp|a)-8in (nDf-S^n _-,] 

(74). 



(76). 

(v|a) = «n)-| 

(76). 
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CHAPTER IX. 

If the displacement of x be 

TiX, SiX i T2Xf 82^} ••• 

then (dx)^— S dr x^+ 22 drxdgX cos (vrXrgX) (77). 

drx (dx)^=^SdrX^drrX+2drXdgX(dTrX + dTgX) cos (rrXVgX) 
+ 2 {drXd^x-~dgXdrX^) sin (rr-vvgX) (78). 


(vxa) dx=2drX { jTv^xcl) (79). 

{rxa) dx=2drX {XrrxCt) (80). 

PLANE CURVES 
CHAPTER X. 

'prx—x (81)* 

VTV=VX (82). 

(i-2.nt)=i-(T.rrt) (83). 

= + (84). 

r/>f=f (85). 

( 86 ). 

(i,2|«)=,,|-(f«) (87). 

(pvia) = {pia)+Ci>^{$a)p( (88) 


(!SAPTEH XL 

I 

■2 ^**^*^‘ 

1 (!■)' 

^((^) (•™)“= (’■•’■") (82). 

2 V/.r) ^ ~ ^f}.rf/x-\-{(pxy - 4p.r//'r- 3 {p.rf] (v.va) 

+ {6 (pxf p\v - p">) (r.m) (93). 

1 / d\*^ 

And generally, ^ ^ 0 (.m)‘-*=i4„(r.m) i-7?„(i/.m) + C„, 
where Aj By C are polynomials of px, p'.r, p"x ..., and 

+ 1 “ ~~ 

Bn^^\ — Bn^■A^pXy 
^»»+l = ^/ + 


d {vxa) 

dx 


.( 94 ). 
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|(.m)| = 


pa; (rjca) { vaxiy 


I Cwr^ I p'^irxtt) _ iyxa) _ 3 (i/.m) 

Kfl.,-) ^(.^«)^‘ |(W)i " i(;t«)|5 

, Spa; (T.va) {yxa.) ^ 3 {vxa)^* ^ 

\{xa)Y^ ^ 

\d.7-) ;(.ra)| |(.*a)P^^ I (.«/) | ^ , (.w; i |(•‘•»)P/ 

i(r«)|' + (’'-“^ t|(.r«)P |(.m)10j 

■ _ IS , 


— {j.r(t) (v.ra)^ 
■ — sin (T.rn) 


I(.w)|‘ ;(,m)p 


((^) (•‘■“)=/'»'<'‘'>«(’’'’<') • 

/ ci\^ 

\ ^ / ~ {rxa) + {pxY sin (t /•<! ') 

(•^’«) = + ^p ‘''p y ('»■•<'«) • 


+ si n (r.^•<^) {4pxp'' > -^Sipt’Y ( p.v ) ‘ } (1 0:2). 

A nd genonilly , (‘*'‘^’«) + At (’' 

where J, Z? are polynomials in p.r, p>, //'.r ... and 

■d n + 1 = + ^nP’'*'i Ai + 1 ~ ~ ^nP'*'’ 

{(")=i^^-H-p(^-’‘-*){+-+(.-)”-' P$M-r(i") -(lo-i)- 

/ fJ \ 2n-l 

(^) ^ ^ ^ + ••• + (-)” 0. .(104). 


APPENDIX. 

((fbc) HUi (a^)= (aa) (a$) 1 (lOo) 

(6a) (6/3) 1 

(<?«) (cj3) 1 

I (a6) I CO.S (aby) sin (\p) — {{ftp) — {bp)) cos (Xy) - {(<tX) — (6X)| cos (/xy). . .(1 06). 

2 {afw) cos {xyO | {ary ) | = (af) {ayf - (a.r)2 1 | (JOT). 

{H) {hyY-{hxY \ 1 

{eO {cyf-{ca;f 1 j 

{ftbc){afiy)=: {aa) (a/3) (ay) | (108). 

(6a) (63) (6y) 


I (<?«) (c 3 ) {f'y) I 
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Grassmann 92-, 102 
Grave 105 
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(^J) H, {ySab) 18, 18, 108 

(V ^‘>’24, («^ J)2!i, ^6)26, ^/J) 2R 
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(2 J , {^a, ) + Xlt, cos ($/3,) = 0 c)2 31, (2d,, (^a,.) + 2R,. cos = 0 y) 31 
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Segment of a curve 74, 75, 77, 107 

Sine function, definition of 7, addition formula for 12 

Smith’s Prize 81 
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Triangles, homological pair of — 22, 92 ; self-conjugate pair for a conic 91 
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